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Abstract—MUSIC is a popular algorithm for estimating the di-
rection of arrival (DOA) in array signal processing applications.
In this paper, we analyze the performance of theMUSIC algorithm
for a single source system, in the presence of noisy andmissing data
(when only a random subset of the entries in the data matrix are
observed). We prove consistency of the DOA estimate when signal
from a single source is impinging on low coherence arrays, and
derive an analytic expression for the mean-squared-error (MSE)
performance of MUSIC for the case of uniform linear arrays, in
the large array and relatively large sample setting. Our analysis
is mathematically justified in both the sample rich and deficient
regimes. The expression for the MSE is a simple function of array
geometry, signal-to-noise ratio (SNR), the fraction of entries ob-
served, and the ratio of the number of sensors to number of snap-
shots. We derive a phase transition threshold which separates a
regime where MUSIC is consistent from a regime where MUSIC is
inconsistent. This threshold depends upon the SNR, the probability
of observing entries in the data matrix, and number of sensors and
snapshots in a simple manner which we make explicit.
Index Terms—Direction of Arrival (DOA), Multiple Signal Clas-

sification (MUSIC), random matrix theory.

I. INTRODUCTION

T ARGET localization via direction of arrival (DOA)
estimation is an important task in many signal processing

applications. Subspace approaches are widely used for this
purpose because of their effectiveness [3], as well as their low
complexity and robustness relative to maximum-likelihood
techniques which are sensitive to signal and noise covariance
matrix modeling errors [4]. Popular subspace based algorithms
for DOA estimation include Multiple Signal Classification
(MUSIC) and MUSIC based algorithms [5]–[7], root-MUSIC
[8]–[10], ESPRIT [11], [12], and so on.
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MUSIC, proposed by Schmidt [5], is widely used due to its
high resolution capabilities and generality of application [13],
and consequently, has been well analyzed in the literature.
Properties of MUSIC of interest include DOA estimation
consistency and Cramer-Rao bound [14], [15], estimator
mean-squared-error (MSE) performance [4], [16], algorithm
sensitivity to modelling errors [17]–[20], deterioration of per-
formance in the presence of correlated sources [21], etc.
MUSIC takes as its input an dimensional data matrix,

where is the number of sensors in the sensor array, and the
columns contain snapshots or measurements. It then casts DOA
estimation as an optimization problem, whose objective func-
tion involves the empirical estimate of the signal subspace pro-
jection matrix, which is formed using the rank- outerproduct
of the leading eigenvectors of the sample covariance matrix,
where is the number of sources whose signals are impinging
on the sensor array. In this work, we consider the setting where

, i.e. when we have a single source. Since we only collect
a finite number of snapshots, and the received data is inherently
noisy, the sample signal subspace projection matrix is a noisy
estimate of the underlying, true projection matrix. This results
in a performance loss in estimating the DOA.
Li et al. also considered the problem of quantifying this

performance loss in [4]. They derived closed-form expressions
for the mean squared error (MSE) of subspace based DOA
estimators, including MUSIC DOA estimates, as a function
of the number of sensors, the number of samples and the
signal-to-noise ratio (SNR). Their analytical results employed
estimates for signal subspace approximation error based on ma-
trix perturbation theory. Invoking perturbation theory requires
that we are operating in a high SNR or large sample regime,
where the sample covariance matrix is a consistent estimator
of the underlying population covariance matrix. However, in
many real world applications, the number of snapshots are of
the order of the number of sensors, and therefore, there is a
need to characterize the performance of MUSIC in the sample
deficient regime [22], [23]. While analysis of the system when
the number of sensors and snapshots are finite is essentially
intractable [22], [23], we may characterize the DOA estimation
performance in the large array regime where the number of
sensors and number of snapshots both increase at the same rate,
but in which regime the sample covariance matrix is no longer
a consistent estimate of the true covariance matrix [24], [25].
Treating the sample covariance matrix as a perturbation of the
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Fig. 1. A distributed array, in which communication constraints make it pro-
hibitive to transmit all but a fraction of he observed data values to the central-
ized processor which then computes the DOA.

underlying covariance matrix is not justified in this large array
and snapshots regime, since sample covariance matrix may be
singular. Here we analyze MUSIC in the presence of noise and
missing data in the data matrix, which also contributes to some
performance loss.
In the missing data setting, a sample-independent, random

fraction of the entries of the snapshot vector are
observed. Signal subspace estimation in the presence of such
randomly missing entries was also studied in [26], [27]. The
missing entry context is motivated by distributed array pro-
cessing scenarios [27] where it might be prohibitive to collect
and transmit all but a (randomly chosen) fraction of the data
entries. For instance, in the distributed setting, system design
which avoids channel interference may impose bandwidth con-
straints [28]. In this setting, each node may transmit a randomly
chosen subset of its sensor readings, in a way which avoids com-
plete estimation performance breakdown. Such a situation is de-
picted in Fig. 1. The missing data scenario also models random
occlusions in data that reach the sensors.
The contributions of this paper are as follows. First, we show

that for a systemwith a single source, theMUSICDOA estimate
is consistent in the large array regime, even in the presence of
randomly missing data, for a class of arrays which satisfy a low
coherence condition. Then, for the uniform linear array, which is
one of the arrays which satisfy the low coherence condition, we
provide an unified, analytical expression for the MSE of DOA
estimate that is mathematically justified in both the sample rich
and sample starved regimes. This work also facilitates a precise
quantification of the performance loss due to random data com-
pression, and unifies its analysis with those that quantify con-
ventional performance losses. We acknowledge here that might
be other modes of data loss, such as preserving samples but with
compression errors, or a reduction in the bits per sample trans-
mitted, but in this work we analyze the system with random
sample loss.
The expression we uncover for the MSE performance of

MUSIC for a single source will also provide insights into the
importance of accurate signal subspace estimation, as well as
the role of array geometry in the performance of MUSIC. Our

analysis is asymptotic in the number of sensors and samples,
but extensive numerical simulations show its validity and accu-
racy for moderately sized systems, and our predictions are 0.5
to 1 dB closer to the empirical simulations than the predictions
in [4] for relatively low SNRs (see e.g. Fig. 3).
Furthermore, the analysis brings into sharp focus a phase tran-

sition phenomenon that reveals the interplay between estimation
performance and the system parameters: SNR, the number of
sensors and samples and the compression factor. Specifically,
we show that there is a critical fraction of the observed data,

, which is simple function of the largest eigen-SNR, the
number of training samples and the number of sensors, below
which MUSIC-like algorithms will to localize the source. Our
analysis and results may be used to design systems which op-
erate in a regime where DOA estimates via MUSIC are infor-
mative. The identification and precise characterization of this
phase transition in the context of the missing data problem is
new and goes beyond the analysis in [29].
Our analysis relies on recent results in random matrix theory

(RMT) [24], [30]–[35] that quantify the bias of the singular
vectors of the data or measurement matrix, relative to the true
underlying signal (and noise) subspace components. The per-
formance of several subspace based algorithms, including the
MUSIC algorithm, relies on exactly the quantity that is charac-
terized by these new results, which facilitates improved accu-
racy in their analysis. We also extend the results in the RMT
literature to unify analysis of the missing data setting. Then,
we draw upon the technique used in [4] to obtain an expression
for the estimation error which facilitates characterization of the
MSE.
The rest of this paper is organized as follows. The system

model and MUSIC algorithm are described in Section II. The
consistency of the DOA estimate obtained via MUSIC is estab-
lished in Section III. We use these results to derive a closed form
expression for the MSE of MUSIC for a single source system
in Section IV. Numerical simulations used to validate our pre-
dictions are presented in Section V and concluding remarks are
presented in VI.

II. SYSTEM MODEL AND THE MUSIC ALGORITHM

Consider a system where a narrowband signal from a single
source, located at , is incident on a uniform linear array (ULA)
having sensors, which are spaced wavelengths apart. We
collect independent samples or ‘snapshots’ of the signal re-
ceived at each sensor in the array. These snapshot vectors (of
length ) may be modeled as [3], [5]:

(1)

where is the signal-to-noise ratio (SNR), is the array
manifold vector (also known as the steering vector), has
the form

(2)
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by virtue of the ULA array geometry. We assume that the el-
ements of have zero mean, variance , and bounded higher
order moments. Define

which from (1) has the form
(3)

where is the signal vector, assumed to be unit
norm without loss of generality. We observe , modelled as

with probability
with probability (4)

for . Let , and

(5)

be the singular value decomposition (SVD) of the data, where
are the (ordered) singular values,

and and are the corresponding left and right singular
vectors. If , the MUSIC algorithm [5] returns , the
estimate of DOA , by solving the optimization problem

(6a)

(6b)

where we may transition from (6a) to (6b) since
for all from (2).

III. MUSIC DOA CONSISTENCY WITH MISSING DATA FOR
LOW COHERENCE ARRAYS

Stoica et al. [14], [15] showed that MUSIC DOA estimates
were consistent in the fixed regime. Mestre et al.
[22], [23] analyzed the no-missing-data setting, i.e. when ,
for a system with sources, and showed that the MUSIC DOA
estimates were consistent when and inconsistent when

and in the , regime.
Here we consider the setting when and , and
prove that theMUSICDOA estimates are consistent under some
‘low coherence’ assumptions, which we shall make precise, on
the array manifold vector and the signal vector in (3).

A. Consistency of MUSIC DOA for ULA
For expositional simplicity, we shall begin with the uniform

linear array.
Proposition 1 (Convergence of (6b) for ULAs): Let be

manifold vector of the ULA given by (2), and assume that
satisfies the low-coherence condition

for some , where . Let
be defined as in (6b) and let

(7)

Then for , we have that

as , , where

Theorem 1 (DOA Estimator Consistency): Assume that the
hypotheses of Proposition 1 hold. Let be obtained via (6b).
Then,

as , .

B. Consistency for Other Low Coherence Arrays
One can generalize the consistency result to non-ULA ge-

ometries, provided the vector corresponding to the new
geometry satisfies the low-coherence condition

and the limiting beam pattern of the array (equivalent to the limit
of in this setting) achieves a unique maximum at the true
DOA.

C. Discussion
We term the assumptions

as ‘low-coherence’ conditions. A uniform linear array with
manifold vector given by (2) trivially satisfies the low coher-
ence condition with , . Many other geometries do
as well—see, for e.g. [3]; a complete categorization is beyond
the scope of this work.
The low coherence condition for the normalized signal vector
is satisfied with high probabilty by a vector of i.i.d Gaussians

with zero mean and covariance with ; see [36].
Signal vectors composed of i.i.d. elements with other distribu-
tions (e.g. with sub-gaussian tails) will also satisfy this condition
with high probability; see [37, Theorem 2.5].
The term ‘low coherence’ as used here arises in the liter-

ature of sparse signal processing and matrix completion (e.g.
[38]–[41]) and is not to be confused with the notion of coher-
ence as used in array signal processing [42]. In our context, a
low coherence vector is one that has small inner product with all
canonical, Euclidean basis vectors. The matrix thus formed
from the vectors and having low-coherence will have en-
tries that are about the same magnitude. When such a matrix has
missing entries, the singular vectors of the matrix formed with
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zeros in the missing entries location will be correlated with the
underlying singular vectors provided that eigen-SNR is above
a critical threshold given by

(8)

In (8), is the (limiting) ratio of the number of array ele-
ments and the number of observations (or snapshots). If the
eigen-SNR is above this critical threshold then, by Theorem 1,
the MUSIC DOA estimates produced will be asymptotically
consistent. When the eigen-SNR is below the critical threshold,
then the singular vectors are asymptotically uncorrelated to the
true singular vectors and the MUSIC DOA estimates will be
inconsistent.

D. Proof of Proposition 1
For any , express in terms of and , where
a vector such that . Specifically, let

(9)

where , and . Notice that
. Now,

(10)

where the second line follows from (9). We will now show that
each term on the right hand side of (10) converges to 0 almost
surely, in the large array limit. Since has the form (2),

. Then, when , from Theorem
2,

and
(11)

Since inner products of unit norm vectors are bounded by 1,
, and , for all . Since

from (11), as , ,

We are now left with the first term in the summation in (10),
which becomes

since and do not depend on . Since ,

and from (11), we have that as ,
,

Therefore, the right hand side of (10) converges to 0 almost
surely in the large array limit. Since , we have
that as , ,

The above result is analogous to [43, Proposition 4.3.1], which
establishes a similar result when there is no missing data, for
a modified version of the empirical MUSIC objective function.
We will now show that is a consistent estimator of .

E. Proof of Theorem 1
Without loss of generality, and for expositional simplicity,

prove the result when in (2). The proof when
follows similarly. The proof may be completed using the

arguments in [44, Proposition 5]. We follow through the steps
of the proof therein for completeness of exposition. Let

(12)

Then is a solution to the equation . Similarly, let

(13)

where is as given by Proposition 1. Since minimizes
, we get , and since Proposition 1 implies

, we obtain . Then,

(14)

by Proposition 1. Since depends on via (12), we will
now evaluate . Using (2) with to simplify analysis,
we obtain

(15)

where . The limit of the expression in
(15) is given by the following lemma.
Lemma 1: For a sequence in a compact subset of

, we have

,
and ,
and .

Proof: See [44, Lemma 13], [45].
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Since , a bounded set, we can extract a con-
vergent subsequence, .
1) If , using Lemma 1 in (15), . Using

this result in (12), , a contradiction with (14).
Therefore, .

2) Suppose . Again, using Lemma 1 in (15),
, leading to a contradiction. Therefore,

is also bounded.
3) Then, let . From Lemma 1,

. From (12), this implies

if ,
if .

To avoid contradiction with (15), , so that
. Since every subsequence of , we conclude
that , and thus since is
a continuous mapping.

Note: Proposition 1 is critical for the proof of consistency.
Once Proposition 1 has been established, one can also complete
the proof of Theorem 1 by a direct application of [46, Theorem
4.1.1].

IV. EXPRESSION FOR MSE OF DOA ESTIMATE FOR ULA

The consistency result in Section III enables us to get a handle
on DOA estimation error , from which we may
obtain an approximate expression for the mean-squared-error
(MSE) of MUSIC DOA estimate as ,

.
Conjecture 1: Assume that the hypothesis of Theorem 2

holds. Then, as , ,

where is defined in (20a) and denotes ‘real part of’.
Claim: Assume that we observe data according to (4), that

the hypotheses of Theorem 2 hold, and that Conjecture 1 holds.
Then, if , the mean squared error of the MUSIC DOA
estimate may be computed as

where is given by (35),
, , and the superscript indi-

cates derivative of the vector.
Conjecture 1 has been verified using extensive numerical

simulations, as indicated by Fig. 2, and we provide a justifica-
tion for it in Appendix C.
We will now derive an expression for DOA estimation MSE

when for a system with ULAs (2). Recollect from (6b) that
MUSIC returns as the DOA estimate that angle which maxi-
mizes the objective function . Therefore, at ,

Fig. 2. Plot of against directions of arrival , for a system
with 300 sensors spaced 1/3 wavelengths apart, and 200 snapshots, where
is given by (20a). The ‘empirical’ plots correspond to generating data via (4),
estimating via the SVD of , and computing the average of
over 250000 trials. The conjectured values in each case are , where
is computed for the different values of and using
(35). We see that for the uniform linear array, irrespective of the direction of
arrival, is accurately predicted by the conjectured value.

Expanding around using Taylor Series,

(16)

This is where the consistency result plays an important part.
Since is a consistent estimator of , we may neglect the

terms to obtain the following approximation for :

(17)

This technique is was also utilized in [4], [14], [47] for the anal-
ysis of MUSIC when the array size is fixed. Differentiating (6b)
with respect to and evaluating the derivatives at , we get

(18a)

(18b)

(19)

We now decompose the manifold vector derivatives as the sum
their components in the signal subspace and orthogonal to it. Let

(20a)
(20b)



SURYAPRAKASH AND NADAKUDITI: CONSISTENCY AND MSE PERFORMANCE OF MUSIC-BASED DOA OF A SINGLE SOURCE 4761

where is a basis vector of the subspace orthogonal to the
signal subspace, and

(21a)

(21b)

(21c)

(21d)

(21a), for instance is obtained when we left multiply (20a)
by to obtain .
(21c) is obtained similarly by left multiplying (20a) by

. (21b) and (21d) are obtained analogously using
(20b). For the rest of this derivation, we suppress the depen-
dence of on , and denote them

respectively. Furthermore, from (21c) and
(21d), .
We will now relate a few of the above co-ordinates

(21a)–(21d) which will be useful in the forthcoming analysis.
From (2), is a unit norm vector, so that .
Differentiating both sides of this equation with respect to , we
obtain

(23)

Differentiating (23) again with respect to ,

Substituting the definitions of and from (21b) and (21c),
we obtain,

(24)

Now consider , the numerator of (19). Substituting
the expression from (20a) for , and using the notation of
(21a) and (21c),

(25)

where we have used the fact that by (23), and the
approximation

(26)

given by (35), for the last step. The justification for this ap-
proximation is as follows. The objective function of MUSIC,
given by from (6b), depends only on the magni-
tude of and is invariant to its phase. Therefore, the
performance analysis of MUSIC may be carried out assuming

. Since from Theorem 2, ,
in the regime of our analysis, we can use the approximation in
(26).
Here, to obtain an MSE expression for DOA, we require rig-

orous characterization of the second order behaviour of ,
which appears in (25), and in the forthcoming computations. We

leave this for future work, and proceed assuming Conjecture 1
holds.
Squaring (25) gives

(27)

Similarly, we evaluate the denominator of (19). Using the ex-
pression for from (20b) in , we get

(28)

where we have used (26), and the approximation

(29)

suggested by Theorem 2 in the regime of our interest. Similar
computation for of (19), using (20a) for and
the approximations (26) and (29) gives

(30)

Combining (28) and (30), we obtain,

(31)

Now we use the results from Appendix B regarding the scaling
of ULA and its derivatives with . From (82), (86), (84) and
(88) respectively, is , is , is and
is . This implies that the first term dominates the
denominator in (31). Therefore,

so that
(32)

Substituting (27) and (32) in (19) gives,

so that we approximate

(33)

which is the theoretical expression for theMSE of , where
is as defined in Theorem 2 and

and . This expression for the
MSE highlights the role of both the array geometry and the ac-
curacy of subspace components estimation in the performance
of the MUSIC algorithm. The term in (33) is dependent only
the geometry of the array, and the true DOA, and tells us how the
error varies with true DOA location, the term tells us how
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Fig. 3. Empirical MSE of DOA estimate versus for and
. Here we set , and pick the number of samples (or snapshots)

so that in Theorem 2, so that we are operating in
the sample deficient regime. Fig. 3(a) corresponds to the case where the sensors
are wavelength apart, and Fig. 3(b) corresponds to the case where the
sensors are wavelengths apart in (2). The theoretical prediction for
the MSE was plotted by using the analytic expression in (33). The empirical
values correspond to generating the full data matrix and running MUSIC on it;
the regions where there is excellent agreement with the theoretical predictions
are where the high-dimensional random matrix theoretic predictions are accu-
rate. The predictions are less accurate as one nears the breakdown point which
corresponds to values near . ‘LLV predictions’ corresponds
to the MSE prediction (34), as derived in [4].

the accuracy of the sample singular vector affects the error.
This is highlighted by the plot in Fig. 6.

A. Previous Results

Li et al. derived the following expression for the MSE per-
formance of MUSIC using perturbation theory [4, p. 1178, eq.
(81)].

(34)

Fig. 4. Empirical MSE of DOA estimate versus fraction of data observed ,
for two different SNRs and 5. Systemwasmoderately sized at
and so that in Theorem 2. The two vertical lines
correspond to theoretical breakdown points . We see that ,
prediction of MSE is accurate throughout, but at low SNR, , close to
the phase transition region, prediction becomes inaccurate. This is due to the
finite dimensions of the simulated system, while the theoretical prediction was
derived for the asymptotic regime.

where , and is the first
derivative of the manifold vector. In their notation, ;
(34) may be obtained by using the definition of from Table
II on p. 1178 in [4], recognizing that ,
and appropriately substituting for , the noise variance, ,
the number of sensors, and , the signal covariance matrix.
We see that (34) captures the component of MSE due to array
geometry, but does not account for the accuracy of the singular
vector estimates, which we gain from the random matrix theory
based approach of this work. We note here that the analysis in
[4] was not carried out in the large array regime. However, even
for moderately sized arrays, (33) provides improved accuracy
in predicting the MSE at low SNRs, as shown in Fig. 3.

V. NUMERICAL SIMULATIONS

Fig. 3 plots the MSE of MUSIC DOA versus SNR for two
systems with different number of sensors, and snapshots, both
chosen so that . There is no missing data, i.e. .
Fig. 3(a) corresponds to the case when the sensors in the ULA
are 1/2 wavelength apart, and Fig. 3(b) to the case when they
are 1/3 wavelength apart. This plot illustrates the validity of our
analytics expression (33). As predicted, below critical SNR, the
MUSIC algorithm breaks down completely. We also compare
our predictions to the previous predictions in the literature, by
Li et al., which were derived using perturbation theory in [4].
Fig. 4 plots the MSE of DOA versus the fraction of data

observed a system with 150 sensors and 100 snapshots (i.e.,
sample deficient regime), chosen so that . This plot
illustrates the validity of our analysis of MUSIC with missing
data. At low SNR, the prediction is inaccurate close to the
phase transition boundary due to the finite size of the simulated
system, as opposed to the asymptotic analysis.
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Fig. 5. Empirical MSE of DOA estimation for a system with 600 sensors and
400 snapshots, plotted as SNR varies from 0.1–5 and fraction of observed en-
tries varies from 0.1–1. The white line is a plot of the phase transition boundary

as a function of . The phase transition boundary prediction is accurate for
the entire range of SNR and . Due to the finite dimensions of the system, the
we see the phase transition boundary in this plot has some width, but asymp-
totically, it will reduce to a line with coincides with . Below the phase
transition boundary, the theoretical MSE returned by the expression (33) is ,
hence the value plotted is the variance of uniformly selecting a DOA in the range
of possible values.

In Fig. 5, we plot the heatmap of DOA MSE against varying
eigen-SNR and fraction of data observed . This plot high-
lights the validity of the phase transition boundary pre-
dicted by our analysis as both and are varied.
Fig. 6 plots the DOAMSE against the true direction of arrival
over the entire range of DOAs, and we compare the accuracy

of our predictions against the previous analysis in the literature
given by [4]. The plot highlights the role of source location in
DOA estimation performance, which facilitates system design.

VI. CONCLUSION

In this paper, we analyzed the performance of MUSIC algo-
rithm in the white Gaussian like noise setting, with a random
subset of entries observed, or missing data, for a system with a
single source. Using recent results from random matrix theory,
we showed that the MUSIC DOA estimate was consistent for
a class of arrays we termed low coherence arrays, in the large
sample, relatively large array regime, above a phase transition
boundary. This phase transition region boundary depends upon
the SNR, the probability of observing entries in the data matrix
and the number of sensors and snapshots in a simple, explicit
way and generalizes related work in the literature [29]. Further-
more, we obtained an analytic expression for the mean squared
error of MUSIC DOA for a system using ULAs, and validated
our analysis using simulations. Proving convergence of second
order terms involving bilinear forms of random matrices, and
thereby establishing Central Limit Theorem for DOA estima-
tion remain important open problems.

Fig. 6. Empirical MSE of DOA estimation for a system with 150 sensors and
100 snapshots, plotted as the true DOA varies between 10 –90 . The theoret-
ical prediction of the MSE given by (33) is plotted in red, and the previous
prediction in literature [4] given by (34) is plotted as a dashed line. The ratio of
observed entries is 0.8. We see that our theoretical predictions accurately predict
the MSE for the entire range of DOAs, and throughout, more accurate predic-
tion is achieved (ranging from 0.5–1 dB at 20 to around 2 dB at 90 ) compared
to the previous result in the literature. The plot gives us insight into the role of
source location and array geometry in DOA estimation performance.

APPENDIX A
PERTINENT RANDOM MATRIX RESULTS

From the expression for the objective function in (6b), we
note that characterizing the inner product , which quan-
tifies the accuracy of the sample singular vector relative to the
true underlying singular vector, is critical to analyzing the per-
formance of the MUSIC algorithm. In this section, we present a
characterization of this inner product in the large array regime.
This characterization utilizes, and extends, some recent results
from random matrix theory.
Paul [24] characterized the estimation accuracy of the sample

eigenvectors of the ‘spiked covariance matrix’ model. Benaych-
Georges et al. [30] provided a more general characterization
of sample eigenvectors in a ‘signal-plus-noise’ setting. Onatski
[48] and Benyach-Georges et al. [49] extended the analysis to
rectangular matrices and their singular vectors. Nadakuditi [33]
extended the characterization of singular vector accuracy to the
missing data setting.
The analysis presented here extends the results of [49] to the

missing data setting, drawing upon the approach in [33]. The al-
most sure limit characterization of , where is a vector
such that , is new and essential to the MUSIC con-
sistency analysis, as it is used in Section III for proving Propo-
sition 1 (see lines after (11)).
Theorem 2: Let and be the largest

left and right singular vectors of the matrix in (3). Assume
that , and , for some

, where denotes the supremum norm.
Let be the left singular vector associated with the largest
singular value of as in (5). Let be an arbitrary, unit
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norm vector such that . Then, as and
, we have that

, (35)

Moreover, when , then

(36)

The matrix in (4) can be written as

(37)

where denotes the Hadamard or element-wise product and
is the mask matrix given by

with probability ,
with probability . (38)

For notational simplicity, let

Noting that , we can rewrite in (37) as

(39)

Let

(40)

so that . We shall prove Theorem 2 as follows:
1) We first show that the spectral density of converges to

a compactly supported, non random density in the asymp-
totic regime considered.

2) We then characterize the left singular vector associated
with its largest singular value of and show that it obeys
the expressions in Theorem 2.

3) Next we show that the operator norm of converges
almost surely to zero in the large matrix limit.

4) Finally, we conclude that proof by showing that since
, the fact that the operator norm of converges

to zero almost surely implies the statements of Theorem 2.

A. Limiting Spectrum of
Assume without loss of generality that . Let

be the ordered singular values of .
Consider the measure

(41)

which is the empirical distribution of the singular values of ,
where is the Dirac delta function. Note that

(42)

and,

(43)

Since , if the elements of have bounded higher
order moments, then so will the elements of . Therefore, the
elements of are independent, and identically distributed with
mean 0, variance and bounded higher order moments. Then,
from [50, Theorem 3.10, pg. 51], it follows that in the asymp-
totic regime considered, when , that
where

(44)

, , and is the indicator
function. Moreover, from [50, Theorem 3.10, pg. 51] it follows
that .

B. Largest Singular Value and Corresponding Left Singular
Vector of
Let be the left singular vector of defined in (40), cor-

responding to its largest singular value . We will show that
and , (where is any unit vector orthogonal to

) converge almost surely to the same limiting values as those
of and , given by (35) and (36), respectively.
The approach leading to [49, Theorem 2.10] can be used to char-
acterize , but does not characterize . Therefore,
here we take an alternative approach which allows us to charac-
terize as well. We begin by characterizing .
Proposition 2: For the matrix defined in (40),

(45)

where,

(46)

is defined in (3), and

(47)

In (45),

(48a)

(48b)

(48c)

(48d)
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(48e)

Proof: We first characterize the eigenvectors associ-
ated with eigenvalue of , where is a
Hermetian matrix. By definition,

which implies

Since is along the direction of , we may
determine by finding the unit norm vector along that direc-
tion, which gives

(49)

For our setup, note that is the eigenvector of corre-
sponding to its largest eigenvalue, . Expanding using
(40),

where we have used (3) and . Substituting

into (49), and rewriting the expression in matrix-vector form
gives us

(50)

To simplify the expression further, we shall use the matrix in-
version lemma [51, Sec. 6.4, Pg. 48], which states that

(51)

Substituting

and into (51) gives

(52)

where are defined in (48). Substituting (52) in (50)
gives us the expression for in (45).
Having obtained , we now find the quantities we are inter-

ested in, and . Using Proposition 2,

(53a)

(53b)

If we plug in (47) into (48) to evaluate (53), we see that
and are dependent on bilinear forms involving the re-
solvent of , e.g. , and so on.
Therefore, we can find the limit of and by
finding the limits of the aforementioned bilinear forms. We will
show that the expressions on the right hand side of (53) will con-
verge almost surely to the right hand side of the corresponding
terms given by (35). Specifically, by [35, Theorems 2.4 and 2.5],
and using the fact derived in Appendix A-A that ,
we have that

(54)

Using (54) in (48), we see that

so that the numerator of in (53) converges almost surely
to 0. To complete the proof of , we need to show
that the denominator of in (53) does not also converge
to 0. We can show this, and complete the characterization of

, by using results from [49].
The limit of is obtained by application of [49, The-

orem 2.10] to (3) (by setting, in the notation of that paper,
, , and ), and we get, as ,
,

(55)

where is the first derivative of the so called D-transform
of the measure , defined for as

(56)
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and

(57)

being the edge of the spectrum of as in (44). is the limit
of in the large array limit considered, and is given by [49,
Theorem 2.9] as

if ,
otherwise,

(58)
where is the functional inverse of the D-transform de-
fined in (56) and . The explicit ex-

pression of is obtained by computing the transforms in
(55) for the limiting spectral distribution of given by (44), as
in [49, (10)]. Doing so, we find that, as , ,

if ,
otherwise.

(59)

Now we complete the characterization of . From (59),
if , converges almost surely to a finite,
deterministic value in the regime of our interest. Furthermore,
from (53), we note that the denominators of both and

are the same. When , then the denomi-
nator of in (53) converges almost surely to a non-zero
value. This, coupled with the argument following (54) that the
numerator of converges almost surely to 0, implies that

(60)

where is a unit vector orthogonal to .

C. Largest Singular Value of
In this section, we will characterize the behavior of largest

singular value of the matrix defined in (39). Since
is not independent of the mean data matrix , we cannot re-
peat the ‘signal-plus-noise-matrix’ technique used to charac-
terize the singular value and vectors of as in the previous
section. Instead, our proof strategy is to show that largest sin-
gular value of , denoted , converges almost surely
to 0 and to use this fact to complete the characterization of the
leading left singular vector of the matrix .
Theorem 3: Assuming the hypothesis of Theorem 2 is satis-

fied and is defined as in (39). Then,

(61)

as , .
Proof: The -th elements of the matrix
, defined in (39) are independent since the elements of

are independent, and are given by

(62)

Consequently, , and

(63a)

(63b)

The low-coherence assumption on the elements of and in
the hypothesis of Theorem 2, implies that when , we
have that

(64)

Equations (64) and (63) imply that the elements of have
bounded fourth moment. Moreover, since the elements of
are independent, zero mean random variables, with bounded
fourth moment, we can directly apply Latala’s theorem [52] to
characterize the largest singular value of . Specifically, we
have that

(65)

where is a universal constant that does not depend on or .
Plugging in (63a) and (63b) in (65), gives us

which implies that as .
We now establish a tail inequality on the largest singular value

so we may show that . To that end, we first note
that by Weyl’s interlacing inequality [53, Sec. 7, Pg. 423], we
have

(66)

Eq. (66) implies that the largest singular value is 1-Lipschitz
continuous function of the entries of the matrix. Furthermore, it
can be shown that for any two matrices , and ,

This implies is a convex function of the entries of the
matrix. Finally, from (63) and (64), we have that the elements
of are bounded so that

Since the elements of are independent and bounded and
is a 1-Lipschitz, convex function, we can directly apply

Talagrand’s inequality [54, Theorem 2.1.13], to get the tail
bound

(67)

where is a universal constant that does not depend on or .
Note that
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Hence, via the Borel-Cantelli Lemma, we can conclude that

(68)

D. Relating the Singular Values and Vectors of and
In Section (A-B), we characterized the limiting behaviour of

, where was the largest left singular vector of , as
in (40). In this section, we will use the results of Section A-C
to complete the proof of Theorem 2, by showing that
converges to the same limit as in the asymptotic regime
considered, where is the largest left singular vector of , as
in (37), corresponding to its largest singular value .
As in Section A-B, we first find , which is the eigenvector

of , corresponding to its largest eigenvalue, . This may
be evaluated by substituting in (49),

and . Simpli-
fying, we get given by (69) [see equation at the bottom of the
page]. Next, we obtain expressions for and .
We follow the steps from (51) through to (53), but at each step
we replace by , or
equivalently, replace with

(70)

since this is the term which differs between (50) and (69). This
gives us

(71a)

(71b)

where
(72a)

(72b)

(72c)

(72d)

(72e)

and is as in (46) and is as in (70).
We see that depend on the bilinear forms

in (72), e.g. , , and so on.
The expressions in (71) and (53) are of the same form, but with

in place of . The limiting behaviour of
as , was a consequence

of the convergence of bilinear forms in (48) to deterministic
quantities. To complete the proof of Theorem 2, we will now
show that the bilinear forms in (72) converge to those in (48),
and thus must converge to the same limit as

.
Theorem 4: Let and be matrices as defined in (37).

Let denote the th largest singular value of the matrix in
the argument. Let be as in (47) and as in (70).
Let and be any unit norm vectors, and let . Then, as

, ,

(73a)

(73b)

(73c)

(69)
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Proof: Using Weyl’s interlacing inequality [53, Sec. 7, Pg.
423], we get

(74)
In particular, when in (74), have the following inequality

(75)

In Theorem 3, we showed that , which proves
(73a) and (73b).
Given any two Hermetian matrices , and their resol-

vents , , 2, the resolvent identity
[55, Prop 3.1 (iv)] states that, for ,

(76)

This result be verified by left multiplying by and
right multiplying by . Now, substituting

in (76), we get

Rewriting this using the notation of (47) and (70) we get

(77)

Left multiplying (77) by and right multiplying by gives
us

so that

(78)

(79)

where the last inequality follows from [55, Prop 3.1 (iii)] and
represents the imaginary part of .
Using Weyl’s inequalities [53, Theorem 3.3.16-(a),(d) Pg.

178] which state that

(79) becomes

Since, by Theorem 3, , we have completed the
proof of (73c).
We are now equipped to prove that the quantities in (72) con-

verge to the same limit as those in (48). If is the empir-

ical spectral density of in (37), defined similarly to (41), then
(73a) implies that, as , ,

or that the limiting spectral densities of and are equal. This
means that any integral transform of , such as (56) and

(57) will be equal to the same transform of . Combined with
(73b), this implies that

where is given by (58). We then use this result in (73c), and
also set equal to the vectors or the vector in (46),
to see that the bilinear forms such as ,

, and so on converge to the corresponding
bilinear forms , and so on.
This implies,

(80)

respectively, from (72) and (48).
Using (80) in (71) and (53), we see that as ,

,

whose limiting values were computed explicitly in (59), which
proves Theorem 2.

APPENDIX B
MANIFOLD VECTOR SCALING FOR UNIFORM LINEAR ARRAYS

In this section, we will compute some of the terms involving
the manifold vector (2) and its derivatives, which are used in the
derivation of the MSE expression of MUSIC. The th element
of the first derivative of the manifold vector evaluated at is

(81)
Using (2) and (81),

(82)

Similarly,

(83)
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Therefore, from (82) and (83),

(84)

Similarly, the th element of the second derivative of is
given by

(85)

so that

(86)

(87)

and

(88)

APPENDIX C
JUSTIFICATION FOR CONJECTURE 1

Let be a basis for the ambient
space, where is defined as in (1), and is defined in (20a).
Let be given by (5). Then, since is a unit norm vector,

which gives

or

Therefore,

(89)
Since, from Theorem 2, , we have that

The uniform linear array is symmetric, since
for in (2). This motivates the conjecture that

and for are equal. As-
suming that this holds, we get

Proving that involves the characterization
of the second order behavior of bilinear forms involving non-or-
thogonally invariant randommatrices, which appear in e.g. (72).
In the presence of missing data, the techniques required to char-
acterize these bilinear forms go beyond the tools currently avail-
able in the literature, e.g. [56]. We leave this for future work.
Here we conjecture that , which gives

or
(90)

where once again, by the symmetry of the uniform linear array,
we conjecture that , where

and stand for ‘real part of’, and ‘imaginary part of’
respectively.
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