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Abstract—This paper considers time series signals in Rn as
samples of an embedded space curve and proceeds to characterize
such signals in terms of differential-geometric descriptors of their
associated curves. In particular, a method of estimating curvature
as a function of arc length is presented. Because arc length is
invariant to reparameterization of a space curve, this approach
provides a representation of the evolution of the time series that
is invariant to local variations in the rate of the time series as
well as displacement and rotation of the curve in space. The focus
here is on ascertaining structural similarity of time series signals
by measuring similarity of their curvatures, though extension to
other applications and other geometric descriptors (e.g., torsion)
is envisioned.

I. I NTRODUCTION
The past decade has seen a surge of interest in identifying
and exploiting intrinsic topological or geometric structure that
may be present in sets of collected data. Methods of persistent
homology, for example, quantify the topological properties of
data sets in metric spaces using algebraic invariants of families
of simplicial complexes formed by imposing neighborhood
structures across a range of scales of locality [1], [3]. Manifold
learning and related topics typically seek to associate a lowerdimensional manifold with a collection of data points presented
in a (much) higher-dimensional space [4], [5]. In this setting,
the manifold models of interest range from topological into
the smooth, Riemannian, and symplectic categories where
associated algorithms may seek to exploit distinctly geometric
properties of the putative space underlying the observed data.
Most of this work assumes the data are presented as “point
clouds;” e.g., that the neighborhood structure is determined by
the proximity of the data points in some metric rather than
respecting the order or some other indexing of the collection
of points. Many classical signal processing applications involve
time series data, and the time sequencing of the points is often
closely associated with signal characteristics of interest in these
applications. This paper builds upon the perspective that a time
series in Rn may be viewed as representing a sampled space
curve, and that the differential-geometric properties of such
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curves provide bases for comparison of time series data that
embody invariances that are desirable in certain applications.
The paper is organized as follows. Section II summarizes the
aspects of the differential geometry of space curves, including
arc-length parameterization and curvature, that are essential in
subsequent sections. The modeling of time series of measured
data or extracted feature vectors as sampled space curves is
discussed in Section III, together with a review of the use of
rational B-splines for curve representation. Section IV describes
the estimation of curvature at uniformly spaced positions in arc
length. Invariances associated with the sequence of curvature
values are noted in Section V. A method for comparing the
similarity of two curves modulo these invariances is also
proposed. Section VI provides performance results for the
proposed approach using both simulated data, as well as real
speech data.
II. G EOMETRIC P RELIMINARIES
The approach to time series modeling described below
is based on the following ideas from classical differential
geometry. A (space) curve is defined as a (smooth unless
otherwise stated) map c : [0, T ] → Rn . A curve may be written
as c = (c1 , c2 , . . . , cn ) with coordinate functions ci : [0, T ] → R.
The length of c is
Z T

L = L(c) =

c0 (t) dt.

0

If h : [0, S] → [0, T ] is a smooth surjection, then [c ◦ h] : [0, T ] →
Rn is a curve whose image set is identical to that of c, and c ◦ h
is called a smooth reparameterization of c. In particular, taking
Z t

s(t) =

c0 (u) du,

0

then s : [0, T ] → [0, L] is a smooth surjection and, assuming c0 (t)
is not a zero vector for any t ∈ (0, T ), s has a smooth inverse
h : [0, L] → [0, T ]. The curve γ = c ◦ h : [0, L] → Rn is a smooth
reparameterization of c, with
(length of g|[0,`] ) = `.
Such a curve γ is said to be parameterized by arc length.
Given a curve γ : [0, L] → Rn parameterized by arc length,
assume that, for each t, γ 0 (t), γ 00 (t), . . . , γ (n) (t) are linearly
independent. Then, for each t, one can iteratively construct

an orthonormal basis {vi (t)} and associate it with the point
γ(t) ∈ Rn . Further, with γ smooth, these orthonormal bases
evolve smoothly in t. Organizing the basis vectors {vi (t)} onto
a n × n matrix V (t), one thus has a n × n derivative V 0 (t). There
exist [7] well-defined numbers, κ1 , . . . , κn−1 for which V 0 = V K
holds, with


0 −κ1
0
···
0
κ1
0
−κ2 · · ·
0 



0
κ
0
·
·
·
0
2


K= .
.
.
.
.
..
..
..
 ..
0 


0
0
···
0
−κn−1 
0
0
· · · κn−1
0
ith

v01

The κi is defined to be the
curvature of γ at t. From =
κ1 v2 , we see immediately how to compute the curvature κ ≡ κ1 :
with v1 = γ 0 and, from the iterative construction of the basis,
γ 00
v2 = 00 , we have
kγ k
(1)
κ = γ 00 .

III. M ODEL
We suppose we are given M sequential points, {xi | i =
1, . . . , M}, from a time series in Rn . We view the xi as samples
of a space curve γ : [0, T ] → Rn . Naively, one may begin to
compute quantitative descriptors of the underlying curve, such
as its curvature, using the parameter variable directly. However,
it will not be effective to compare these quantities (e.g.,
curvature estimates) from two or more data sets if the speed
of traversal varies across the data sets. In speech processing,
for example, two different speakers may utter the same phrase
at different rates. A solution is to interpolate the data with
nonrational B-spline curves. We take a moment here to give a
brief review of B-spline curves and refer the interested reader
to [2], [6], and references cited therein, for more detail and
discussion.
A pth -degree B-spline curve in Rn is defined as

fact, a change in a control point only changes C(t) in a
single knot interval.
3. C(t) is infinitely differentiable in the interior of the
knot intervals, and at least p − ` times continuously
differentiable at a knot of multiplicity `.
The impact of the third property in this list will become
apparent in the following section. It is important we note
here that the use of rational B-splines for curve representation
enables us to interpolate the value of the time series to an
arbitrary point t ∈ [0, T ] thereby creating a set of samples that
are uniformly spaced in arc length.
IV. E STIMATING C URVATURE
After implementing the reparameterization discussed in the
previous section, we are free to assume that our n-dimensional
time series data vectors x1 , . . . , xM sample an underlying space
curve uniformly in arc length. Direct computation of the
curvature is feasible, using (1), provided we have an adequate
estimation of the derivatives of γ. The most natural estimation
of the derivative – the difference between adjacent samples –
appears at first glance to be completely acceptable. However,
the accuracy of this so called finite-differences approach relies on the ability to choose sample points sufficiently close
together. In our application, the sampling lattice is fixed and,
in general, sparse enough that the finite-differences approach
yields extremely poor approximations to derivatives. An alternative approach, and the approach implemented here, is to
calculate the derivatives of the B-spline representation. It is easy
to derive the following formula for computing the kth derivative
of the B-spline curve, C(t). Namely,
m

(k)

C(k) (u) = ∑ Ni,p (u)Pi

(3)

i=0

(k)

where Pi

=

p−k+1
ui+p+1 −ui+k



(k−1)
(k−1)
Pi+1 − Pi
.

V. C URVE C OMPARISON

It is well-known, for an n-dimensional curve, that given
κ
,
1 ≤ i ≤ n − 1 there exists a curve with these κi , and that
i
C(t) = ∑ Ni,p (t)Pi ,
a≤t ≤b
(2)
any two such curves differ only by a rigid motion; i.e., by
i=0
the action of an element in the Euclidean group Rn × SO(n)
where the {Pi } are n-dimensional so-called control points,
[7]. In other words, the curvatures totally determine the shape
and the {Ni,p (t)} are scalar-valued, degree p − 1 polynomials,
of a space curve in any position and therefore are extremely
called B-spline basis functions. The B-spline basis functions
useful in comparing the similarities of two curves. Exploiting
are completely defined by the order p and the nonperiodic (and
the curvature as a function of the arc length of the sampled
k+p+1
nonuniform) knot vector {t j } j=0 , where (check indexing)
curve provides the added invariance to the speed of traversal,
a = t0 = · · · = t p < t p+1 ≤ t p+2 ≤ · · · ≤ tn < b = tn+1 = · · · = tk+p+1 . which becomes useful, for example, when working with speech
or other time series data with irregular tempo.
The value of a B-spline basis function is calculated via
We therefore focus our attention on measuring the similarity
the recursive Cox-de-Boor algorithm. Among well-established of sequences of curvature values to ascertain the structural
properties of a pth -degree B-spline curve are
similarity of the corresponding time series signals. Numerous
1. Any B-spline curve representation is invariant under approaches for quantifying the similarity between two real
affine transformations.
or complex vectors are commonly used in signal processing,
2. The B-spline curve is completely contained in the convex and these provide means for comparing segments of two
hull of the polygon created by its control points, and, in signal vectors. One prominent approach for two vectors that
m

is invariant to scaling is based on the coherence, which for
n-vectors u and v is defined by
cn (u, v) =

|hu, vi|
.
kuk kvk

1

normalized cross correlation
1

0.8

(4)

2

0.6

Without the scale invariance provided by normalization, the
correlation between a subsequence of curvature values and its
exactly matching region in the original sequence may be less
than the correlation between the subsequence and a region in
the original sequence that just has high curvature values. In the
studies reported here, the quantity defined in equation (4) is the
basis of our method for identifying and exploiting similarities
in curvature sequences.
VI. R ESULTS
We begin by first demonstrating the idea of using rational Bspline curves to both represent the time series data and calculate
curvature via equations (1) and (3) using simulated data.

F IGURE 1. Sampled space curves in R3 . The right shows the curves after
resampling so that samples are spaced uniformly with respect to arc length.
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F IGURE 4. Normalized cross-correlation plotted against the discrete shifts for
both pairs κ1 (solid) and κ2 (dashed).

Armed with promising results using simulated data, we apply
the ideas discussed above to real speech data. From collaboration with the Department of Speech and Hearing Science at
Arizona State University, we’ve obtained a database of read
speech, containing broadband recordings of 630 speakers of
eight major dialects of American English, each reading ten
phonetically rich sentences. We’re also using a free, open
sourced software package, Praat, to help to modify, manipulate,
and analyze the data. Specifically, we use Praat to
1. Modifying durations, resulting in sped up or slowed down
sections of existing waveforms
2. Measuring & extracting formants using built-in Linear
Predictive Coding (LPC) algorithms
"greasy wash water all year"

"greasy wash water all year"
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F IGURE 2. κ1 , plotted as a function
of arc length.
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In Figure 1, two sampled space curves in R3 are shown,
one blue stars and one red dots. The curves are geometrically
identical, however, the dotted red curve is sampled at a significantly different rate than the blue curve with stars, as well as
translated and rotated by a random element of SO(3). The right
most plot in Figure 1 shows the arc-length reparameterization
of the two time series. Figures 2 and 3 are the first and second
curvature values, respectively, as functions of arc length of their
respective curves. Finally, Figure 4 shows the normalized crosscorrelation for each pair of curvature sequences. Here, one of
the curvature sequences is shifted discretely to the left and
right and the normalized cross-correlation is calculated for each
position. The nomalized cross-correlation is plotted against the
discrete shifts for both pairs κ1 (solid) and κ2 (dashed). As
expected, the highest value of correlation (for both κ1 and κ2
is at lag 0, i.e., when there is no shift in the curvature sequences.
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F IGURE 3. κ1 plotted as a function
of arc length.
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F IGURE 6. Spectrogram of the
utterance “greasy wash water all
year,” read by a different speaker
and adjusted to a faster speed.

F IGURE 5. Spectrogram of the
utterance “greasy wash water all
year.”

Figures 5 and 6 are the spectrograms, together with the first
three formant frequencies (from Praat). The utterance is “greasy
wash water all year.” Figure 5 (left) is the original utterance and
Figure 6 (right) is the same utterance read by a different speaker
with an adjusted tempo.
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VII. D ISCUSSION
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F IGURE 7. Indivudual components
(fundamental formants) are plotted
after the reparameterization by arc
length for the utterance in Figure
5.
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F IGURE 8. Indivudual components
(fundamental formants) are plotted
after the reparameterization by arc
length for the utterance in Figure
6.

Finally, Figure 9 separately plots the sequences of curvature
values as a function of arc length for the original utterance (top
left), the modified utterance (top right), and their normalized
cross-correlation (bottom). The maximum normalized crosscorrelation (emphasized) is 0.55, and occurs when sequence
of curvature values corresponding to the modified utterance is
shifted about 150 units to the right of the sequence of curvature
values corresponding to the original utterance. Ideally, we’d
like a normalized cross-correlation value near 1, and occurring
when there is no shift in the sequences of curvatures, for the
utterances are the same.
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F IGURE 10. Top left: The same plot as illustrated in Figure 9 top left after
applying a median filter to mitigate high curvature anomalies. Top right: The
same plot as illustrated in Figure 9 top right after applying a median filter
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to mitigate high curvature anomalies. Bottom: A re-calculated normalized
cross-correlation, plotted against the discrete shifts. As it is the same utterance,
we’d expect maximum correlation at 0 lags.
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The ultimate goal of the preliminary research presented in
this paper is to bring geometric machinery to the study of
time series data. In particular, we sought to examine the utility
of differential-geometric descriptors of their associated space
curves in comparing and matching signals in ways that are
invariant to reparameterization as well as displacement and
rotation of the curve in space. While using B-spline curves
for both the representation of a space curve and the explicit
calculation of curvature worked well with simulated data,
results from the application to speech data indicate that noise
in the time series data presents serious issues: some of the
curvatures values extracted from real data are clearly anomalous
and misrepresent the true structure of the underlying signal.
Development of more robust estimation methods for geometric
invariants that mitigate noise and other corruptions typical
in real-world data will be a critical step in advancing this
approach, and our investigations to date indicate that achieving
the necessary robustness entails formidable challenges. One
idea is to run a smoothing filter, e.g., a median filter, over
the sequences of curvature values. Figure 10 illustrates the
results of implementing a median filter and re-evaluating the
normalized cross-correlation between curvature sequences.
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F IGURE 9. Top left: κ1 plotted as a function of arc length of the curve whose
components are illustrated in Figure 7. Top right: κ1 plotted as a function of
arc length of the curve whose components are illustrated in Figure 8. Bottom:
Normalized cross-correlation, plotted against the discrete shifts. As it is the
same utterance, we’d expect maximum correlation at 0 lags.

The maximum normalized cross-correlation (emphasized)
after smoothing is 0.65, and occurs when the sequence of
curvature values corresponding to the modified utterance is
shifted about 25 units to the right of the sequence of curvature
values corresponding to the original utterance. While this result
is better than that presented in section VI, it still falls short of

what is needed for practical utility – at least in the speech
regime.
R EFERENCES
[1] G. Carlsson, “Topology and data,” AMS Bulletin, vol. 46, no. 2, pp. 255–
308, 2009.
[2] C. de Boor, A Practical Guide to Splines, Springer-Verlag, New York,
1978.
[3] H. Edelsbrunner and J. Harer, Computational Topology: An Introduction,
American Mathematical Society, 2010.

[4] J. B. Tenenbaum, V. de Silva, and J. C. Langford, “A global geometric
framework for nonlinear dimensionality reduction,” Science, vol 290,
pp. 2319–2323, 2000.
[5] J. A. Lee and M. Verleysen, Nonlinear Dimensionality Reduction, Springer,
2007.
[6] L. Piegl and W. Tiller, The NURBS Book, 2nd edition, Springer, 1997.
[7] M. Spivak, A Comprehensive Introduction to Differential Geometry, vol. 2,
3rd edition, Publish or Perish Press, 1999.

