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ABSTRACT

Capillary electrophoresis and similar techniques which use an electrified contracting-flow interface (gradient elution moving boundary electrophoresis, electrophoretic exclusion, for examples) are widely used, but the detailed
flow dynamics and local electric field effects within this zone have only recently been quantitatively investigated. The motivating force behind this work is establishing particle flow based visualization tools enabling
advances for arbitrary interfacial designs beyond this traditional flow/electric field interface. These tools work
with pre-computed 2-dimensional fundamental interacting fields which govern particle and(or) fluid flow and
can now be obtained from various computational fluid dynamics (CFD) software packages. The particle-flow
visualization calculations implemented in the tool and are built upon a solid foundation in fluid dynamics. The
module developed in here provides a simulated video particle observation tool which generates a fast check for
legitimacy. Further, estimating the accuracy and precision of full 2-D and 3-D simulation is notoriously difficult
and a centerline estimation is used to quickly and easily quantitate behaviors in support of decision points. This
tool and the recent quantitative assessment of particle behavior within the interfacial area have set the stage for
new designs which can emphasize advantageous behaviors not offered by the traditional configuration.
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1. INTRODUCTION
A contracting-flow electrified interface is a very common construct within the electrophoresis community. The
most obvious is the capillary electrophoresis experiment where the entrance tip is immersed in a large buffer
reservoir with a distal electrode. A search on Web of Knowledge for capillary electrophoresis results in over
twenty-seven thousand papers, not to mention the advances that use similar contracting-flow electrified interfaces.
Obviously, many of the newer capillary and microchip electrophoresis designs use altered injection interfaces,
but the classical design is still an extremely common format. This general format is used in gradient moving
boundary electrophoresis,1, 2 stacking and supercharging,3–5 transient isotachophoresis,6–9 and electrophoretic
exclusion.10–13 Defining and analyzing the forces within the interfacial region can be performed rather trivially
for fundamental equations (e.g. the Navier Stokes) with finite element analysis (FEM) using distributed gridpoints throughout 2D space. However, assessment of models for accuracy is difficult and does not lead to
easily interpretable results. Using a simple monitor (the centerline) and particle-flow visualization provides
useful metrics to observe system behavior. A centerline assessment and the generation of simulated tracer
particles in real time via new tool helps to determine model accuracy and assessing new designs. In terms
of comparing experimental results with 2D (and 3D) models centerline and visualization methods are natural
choices. Generally, the centerline allows for a univariate assessment14 and quantification and visualization allows
the human eye and brain to detect unusual movements to a remarkable precision. This work uses a full 2D
calculation of the flow field that is ported to software which allows assessment of the centerline and a video of
digitally generated particle movement.

Figure 1. Schematic of the electrophoretic apparatus (Top) and centerline velocity field variation with changes in pressure
difference and potential difference at channel extremities (Bottom).

Modeling of this interface has mostly focused on microfluidic devices and finding molecular concentration
changes over time15–17 and many effects present in electrophoresis-related techniques could be adapted to aid
in modeling this interface14, 18, 19 With the rapid evolution of commercially available software, many of the flow
fields and concentration changes can be generated within improved user interfaces and with better support. We
build upon these new capabilities and provide a separate centerline generator and particle-based visualization
that is modular and not coupled to the generation of the flow field; any field-generating scheme can be adapted
to this tool.
There are some details of the simulations that are important to note. For instance, particle velocity is
assumed to be a direct indicator of forces present. Further, by definition, the velocity indicator is a spatial one
the fields are spatial velocity fields. However, when considering the movement of particles during the course of
the experiment, the time for movement is also quite important. Typically, particles can vary in velocity from
relatively fast to near zero in a defined period of time. If the period of time is too large or the velocity too slow,
the particle may never be recorded as leaving a grid zone. Conversely, if the velocity is changing over a short
distance and relatively long steps are chosen, the velocity will be incorrect. In terms of the modeling, time or
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Figure 2. Schematic (Top) and interactive simulation tool for the visualization of net velocity (Bottom).

space must be chosen and inter-converting between the two can be tricky, but is very important. In order to
develop expressions for motions of particle over a finite time that will be used to create particle flow simulation
videos, some discussion on the required traditional fluid dynamics is necessary and presented later in the text
(Section 2.3).
This project serves an example for converting discrete velocity fields to observational motion and univariate
quantitative estimation of accuracy. The net velocity field can be obtained as a 2D matrix from CFD tools
like COMSOL Multiphysics (COMSOL, Inc., Massachusetts, USA) which use FEM to solve the equations which
define the system. A simple 2D electrophoretic apparatus (Figure 1) is considered, where the electric field (E),
the hydrodynamic velocity (Vhyd and particles with mobility (µ) are defined and velocity space is described by
the following equations for the velocity field components in the Cartesian space (x,y) :
VX,net (x, y) = VX,hyd (x, y) + µEX (x, y)

(1)

VY,net (x, y) = VY,hyd (x, y) + µEY (x, y)

(2)

For practical purposes, the two different fields (flow and electric) can be calculated on separate simulation
platforms and then combined with the mobility as the scaling factor. Another advantage of treating the two
fields separately is that progressive variations the nature of the field can be easily computed by single parameter
variation. Here we assume one-way coupling such that the particles are considered to be point masses and
they do not disturb (mechanically interact) with the fluid medium. Thus particle motion over a finite period
of time needs to be defined from the Eulerian velocity field. While extremely detailed approaches of direct
numerical simulations like the arbitrary Lagrangian-Eulerian (ALE) technique20–23 can be used to obtain more
accurate particle-particle and particle-fluid interaction details, this work is limited to simple Lagrangian numerical
simulations. This improves the computation time and simplicity as our target is to quickly quantitate design
variations and generate visualization of groups of idealized particles.
In this work, examples of simulated 2D net velocity fields are generated outside and within a capillary entrance
and these are used to assess the device operation quickly and accurately. The simulation framework uses the
velocity fields obtained from CFD tools, for arbitrary experimental designs, thus allowing the experimenter the
advantage of visualizing (centerline and video) expected time-progression particle behavior.

2. MATERIALS AND METHODS
Once the physical device design is conceived in theory, interactive computer aided design (CAD) tools can be
used to create a 2D or 3D model of this device. Some FEM based packages, like COMSOL, allow detailed device
design, by allowing the choice of material properties as desired by the user. Interacting forces (e.g. a voltage
source ) and their boundary conditions are then added. The FEM mesh is then generated for this model and
the physical equations are solved at the mesh grid points to obtain the 2D or 3D response of the device. This
device response is then further used in the visualization tool proposed in this work.

2.1 Simulation of velocity and electric fields for a typical device schematic
A simple electrophoretic apparatus for which the net velocity field depends on electric and hydrodynamic field
interactions ( see Equation 1-2) is designed as an example. Triangular FEM grid was used with variable spatial
density of the number of grid elements (Figure 1, top) with the position of the electrode placement shown as blue
circles. The resulting calculated centerline variations of the electric field with change in the potential difference
between the two electrodes and the hydrodynamic velocity field variation with change in pressure difference is
also shown (Figure 1, bottom left and right, respectively).

2.2 Using CFD data to compute net velocity fields
Generating two fields with discrete steps The two different fields are generated separately, as suggested
earlier, by selection of particular COMSOL control parameters. A wide range of situations that exemplify the
entrance zone can be set up by multiplexing different hydrodynamic and electric field situations. For example,
if pressure is varied over a range in M discrete steps (as obtained from the CFD tool) and the voltage difference
is changed by N discrete steps, then there are a total of MN possibilities or combinations for a fixed mobility
parameter, and accordingly MN-1 ranges of particle mobility. Note however these ranges are not necessarily
unique and there will be some overlap. The schematic for the layout of such software that uses the CFD data
is presented (Figure 2 - top). In the schematic, the electric and hydrodynamic velocity fields are each being
controlled by n parameters, which can be altered to vary the field nature (e.g. voltage or pressure difference) in
discrete steps. The components add to create individual net velocity components which then define the overall
interaction.
Tool and graphical interface A tool was designed (Figure 2 - bottom) for the simulation of the net velocity
field and for behaviors near the entrance interactively. The inputs were the hydrodynamic velocity field (constant
pressure difference for this study) and the electric field, generated in COMSOL. The tool is interactive and the
voltage and mobility can be adjusted by slider control. While this was done for fixed discrete voltages, the electric
fields for the voltages in between discrete values could be generated by interpolation. While the current design

only has the capability to show the velocity components and electric field components, many other visualizations
can also be implemented. Once the device is designed in a CFD tool with the electric and hydrodynamic fields,
this tool can aid the prediction of device behavior and help in the selection of experimental apparatus. The tool
implemented using Matlab 7.1 (Mathworks Inc.) owing to the ease of its integration with COMSOL.The working
version of the tool would be made publicly available soon and can also be obtained by contacting the authors.
Interpolation between steps or points A CFD/FEM-based tool like COMSOL needs to solve for the entire
spatial region (grid-space) to arrive at a solution which is applicable to the whole calculation space. However,
commonly, a particular position on the device might be of interest where a grid location is not present and
interpolation is required. To set up for interpolation, assume the pressure difference (∆p) and the ratio of the
channel (or capillary diameter) (rw ) are two factors which can be changed to control the pressure dependant
velocity field:
vp (x) : vp (x) = f (x, ∆p, rw )
(3)
Also assume that the potential difference(∆ϕ)and the linear distance between these point potential positions (d)
are the only two factors that can change to alter the electric force of interaction on a particle:
E(x) : E(x) = g(x, ∆ϕ, d)

(4)

Then the net velocity field can be written as:
VE,net (x, ∆p, rw , ∆ϕ, d) = f (x, ∆p, rw ) − µg(x, ∆ϕ, d)

(5)

where the f and g are two functions representing the interacting forces. Now, if by multiple simulations it is
found that at a particular value d0 of the linear distance d between the point potential positions, the net velocity
is very close to zero, then the value of d where the net velocity is exactly zero can be found by one of the two
following ways. The value of d can be found directly if an expression exists for the dependence of function g on
d. In practice, this is usually intractable since the function g is design dependant and extremely complex. The
other method involves the expansion of the function g mathematically as a first-order approximation under the
assumption of a piece-wise smooth electric field in the d parameter space. If the required change around the
value d0 is ∆d such that the exact value of d is d0 + ∆d, then the following gives the first-order expansion:
∂g(x, ∆ϕ, d)
g(x, ∆ϕ, d0 + ∆d) ∼
= g(x, ∆ϕ, d0 ) + ∆d
∂d

(6)

The partial derivative on the function g can be evaluated by either fitting the available values of E(x) as d changes
and then taking the derivative or by approximating the local slope from two points around d = d0 . Hence for a
situation when the net velocity is zero, the relation of the net velocity field gives:


∂g(x, ∆ϕ, d)
f (x, ∆p, rw ) = µ g(x, ∆ϕ, d0 ) + ∆d
(7)
∂d
from which the value of ∆d can be found. Efficient interpolation within a parameter space can also benefit in
terms of computation time (which becomes critical as number of dimensions increase) and specifically for systems
that can be linearly coupled. In such cases, the complete CFD/FEM model (the complete set of nodal points in
a mesh; see Figure 1) solution is not required whenever a single physical variable changes, in order to obtain the
net 2-D velocity field.

2.3 Visualizing particle flows from velocity fields
CFD/FEM based velocity fields are used to calculate changes in particle position for given imaging parameters
(frame rate, for instance). Time-sequence of such simulated images (videos) is then generated to visualize
particle movement, grouping and transport. Also, this method enables the changing of experimental factors such
as particle density and physical dimensions readily.

Figure 3. Lagrangian and Eulerian velocity definitions

Eulerian and/or Lagrangian particle-fluid flow velocity fields Particle and fluid flows can be modeled
(Figure 3) by space (Eulerian) or time (Lagrangian). A real particle, of course has both of these elements
intrinsically. Formally, the path ξ taken by the particle under the influence of a resultant force is dependent on
the starting position x0 and time t. Lagrangian methods are often the most efficient way to assess a fluid flow and
the physical conservation laws are inherently Lagrangian since they apply to moving fluid volumes rather than
to the fluid at some fixed point in space.24 Lagrangian methods are natural for many observational techniques,
while almost all theoretical discussions happen in the Eulerian system. Thus when velocity field expressions are
considered, they are Eulerian, which tells nothing about the time-variable motion of a particle. For finite time
effects, the Eulerian and Lagrangian methods need to be used simultaneously. Since the Eulerian velocity (VE )
samples the local Lagrangian velocity, they can be equated for that point in space (fluid volume). This, and
the fact that the derivative of the time-varying path ξ(x0 , t) is the Lagrangian velocity (VL ) helps relate these
velocities.
The Lagrangian and Eulerian expressions can be tied by the measured velocity at a spatial position:
VE (x, t)|x=ξ(x0 ,t) → VL (x0 , t) =

∂ξ(x0 , t)
∂t

(8)

Assume the closed form expression for VE (x, t) is known and this ordinary differential equation (ODE) representing the particle pathlines can be solved to get accurate positions of the particle with time. As an example,
consider a flow field that changes velocity linearly:
VE (x(t)) = ax(t) + b

(9)

The integral equation for the ODE is
Zξ(t)

dx(t)
=
ax(t) + b

Zt

x0

dt

(10)

0

which can be solved to obtain:

b
b
ξ(x, t) = eat (x0 + ) −
a
a
the general equation for the pathline. The particle positions are then given by

(11)

ξ(x, 0) = x0
and

b
b
ξ(x, T ) = eaT (x0 + ) −
a
a
at the start and at end of time T respectively. A similar analysis can be performed for any other closed form
expression for the Eulerian velocity. Note that here both t and x are continuous variables and the path expression
is for a continuous path.

Particle motion expression from samples of Eulerian velocity fields Arbitrary schematic designs would
have only discrete Eulerian velocity field samples. In such a case, the ODE is solved numerically using a modified
Eulers method, where successive particle positions are used. The total time for each step is first subdivided into
N sub-steps. The particle position in the previous sub-step is first used to initialize the starting position. The
velocity of the particle between two time instants is approximated by the average velocity of the particle between
these two. The particle displacement is then given by the product of this average velocity and the time-interval.
The suffixes i and f denote the initial and final positions (x) of the particle and ∆t denotes the time-interval.
Then given the discrete velocity intervals VE (x) the final position of the particle can be iteratively updated by:
1
xf = xi + ∆t [VE (xi ) + VE (xi + ∆tVE (xi ))]
2

(12)

3. RESULTS AND DISCUSSION
3.1 Predictions from velocity fields
A centerline analysis is performed, where the blue zones indicate velocities less than zero and the red above,
indicating the behaviors of the particle motion of the chosen system (Figure 2 - bottom). It is interesting to
note that, given this an extremely well characterized interface, that at some points, the simulation showed zero
velocity (ignoring diffusion, of course). While this stagnation is certainly not observed when diffusional forces
are added (and in real experiments), it is an interesting thought experiment with respect to injection bias.25, 26
This term recognizes that ions will move more quickly or slowly than the bulk flow and cause a larger or smaller
amount of material to enter a capillary under identical flow and electric field conditions. The interesting thing
here to ask, what happens when the flow the electrophoretic velocity are equal and opposite? a stagnation at the
entrance. While this thought experiment itself is unimportant, it certainly foretells of more recent work exploiting
a stagnation region near a capillary or channel entrance which exceeds diffusion/dispersion.5, 10, 11, 27, 28
Within the chosen system, the velocities vary dramatically and are a good test of the simulation and visualization. Four points are noted on the 2D velocity map (Figure 4), where points B and D are noted to
contrast the predominance of either horizontal or vertical components while A and C differ greatly in magnitude.
Differential behavior of particles at these positions can be somewhat inferred from the flow field. However, an
animation based on this velocity field showing the actual movement of particles is far more beneficial towards
a quick understanding of how a device might function. These movements include group movement effects and
the variation due to different points of introduction of the particles into the system. When the ability to control
parameters of the underlying process interactively is added (Figure 2, see description in section 2), an extremely
useful simulation and visualization framework is achieved.

Figure 4. Spatial velocity field magnitude variation for the schematic (figure1) obtained by using the simulation tool
(figure 2).

3.2 Performance of particle position simulations
Any simulation with quantitative (centerline) and qualitative (visualization) outputs needs to be critically tested.
Here, the performance of the model is discussed, but it is limited to only 1-D for explanation for clarity, noting
that similar simulations can be examined for the 2-D case also. According the quantitative logic presented here,
the closed form expression of a linear velocity field is used to obtain the particle path position equation which
is of the same form as Equation 11.Then particles are generated with random initial positions and the next
position is computed after a fixed time interval. Simultaneously, the modified Eulerian method is also used for
solving the ODE with given interval of time to generate future particle positions for the same starting positions.
These results are then compared (the solution from the closed form is the benchmark) for accuracy and the
computation time for the algorithm is also studied.
Time and error performance The magnitude of relative position error and computation time performance
for the algorithm for the modified Eulerian method, where the number of steps in which the time interval is
subdivided (N) is changed and compared. For a larger number of intervals the accuracy increases but the
computation speed decreases. This is an expected behavior for a numerical ODE solver. However the relative
position error magnitude was always less than 10−4 for the entire particle path.
Flow visualization and images of streamlines Frames from the particle position simulations for the discussed electrophoresis device schematic (Figure 1) are shown (Figure 5, inset). These image frames were generated
using the modified Eulerian method (Section 2.3). The net velocity field represents a case where the electric field
is set to zero. Particles are introduced on the extreme left-hand-side and indicate the flow development. The
particles enter the narrow channel after 90 time steps. The conical nature (actually it is sharply parabolic) of
the flow field development is caused by the far-higher flow in the center of the channel. The results illustrate the
possibility of actually visualizing particle flow for a device design. An important result in understanding flows

Figure 5. Simulated particle movement in an electrophoretic capture device and streamlines. The frames shown (inset)
represent the particles at 20th, 60th and 90th time steps showing the movement of the particles.

is the study of streamlines. Streamlines are a family of curves that are everywhere parallel to the velocity and
show the direction of the velocity field at a given instant. Now in the case of static (time-invariant) electric fields
as often encountered in electrophoretic experimental setups, the resultant velocity field fixed spatio-temporally.
In such a situation, particle pathlines indicated by tracers (Figure 3) is the same as streamlines. Since the
velocity field is known, the simulation and visualization suggested in this work can be used to directly plot the
streamlines, or indirectly by making the particle simulation videos and then by summing (or by computing the
max statistic) the pixel intensity at a particular pixel through the whole stack of images. In the example shown
(Figure 5), the device area covered by the streamlines and the final profile during a steady flow (parabolic flow
profile with higher velocities near the center) was well behaved. In the design of an electrophoresis experimental setup, and specifically for the ones where capture of some particular species is envisioned,5, 10, 11, 27, 28 it is
important to know within-the-fluid connection paths between points within the device. While spatial velocity

components might exist for the complete region-of-interest (ROI) (and apparent from the velocity vector fields)
this does not inherently indicate the possibility of movement (transfer) of particles from one point to another
within the ROI. Obtaining streamlines is a quick way to know about this path between a source and destination
and eventually this can lead to an improvisation of the device design by visualization.29

4. CONCLUDING REMARKS
The behavior of devices with arbitrarily design could be visualized and assessed with the aid of common simulation
software. The schematics and methods are established and tested here on a traditional capillary tip-in-a-reservoir
system and shown to reflect known behaviors, and infer behaviors available in subsequent designs. These visualizations are not only limited to the simulation of net velocity fields in electrokinetics, but can show actual
particle flow and interaction over time, showing what could be expected of the device. Using this tool, operating
parameters can be changed interactively thus making useful decisions about device design. Such ability would
not only help fine-tune device design and field shapes but also aid in predicting behaviors in new designs and
operating parameters.
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