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ABSTRACT

Normalized Gram matrices formed from multiple vectors of sensor
data, and functions of the eigenvalues of such matrices in particu-
lar, have a long history in connection with multiple-channel detec-
tion. The determinant and various other functions of the eigenvalues
of these matrices arise as detection statistics in a variety of multi-
channel problems, and knowledge of their distributions under the
H0 assumption that the sensor channels are independent and contain
only white gaussian noise is consequently important for determining
false-alarm probabilities for multi-channel detectors. Invariance of
the H0 distribution of the eigenvalues to one data channel is signif-
icant in some applications. This paper derives the H0 distribution
of a normalized Gram matrix and, as corollaries, obtains the distri-
bution of the determinant as well as invariance results for the matrix
that carry over to its spectrum. The essential symmetry property of
white gaussian noise on which these results depend is also noted.

Index Terms— Coherence, Multiple-channel detection, Gram
matrix, Stiefel manifold

1. INTRODUCTION

Normalized gram matrices have a rich history in connection with
multi-channel signal analysis, dating back at least as far as the use
of the magnitude-squared coherence (MSC) estimate as a statistic
for detecting the presence of a common but unknown signal in two
noisy receiver channels [1]. The M -channel generalized coherence
(GC) estimate, introduced in [2] and developed more fully in [3],
is explicitly formulated in terms of the determinant of an M ×M
normalized gram matrix Ĝ as 1 − |Ĝ| and shown to reduce to the
MSC estimate when M = 2. Recently, functions of the eigenvalues
of normalized gram matrices have been proposed as detection statis-
tics for spectrum sensing applications, and statistics arising naturally
(e.g., from Bayesian and generalized likelihood ratio formulations)
in multi-measurement signal rank estimation and in detection of sig-
nals having known rank.

Even before introduction of the GC estimate, the distribution of
the MSC estimate was shown not to depend on the distribution of
one of the two data vectors from which is is formed, provided that
the second vector is zero-mean white gaussian noise and is inde-
pendent from the first [4, 5]. This result is of practical importance
because it allows false alarm thresholds computed under the H0 as-
sumption that both channels contain white gaussian noise, and are
independent, to be used when one channel has arbitrary distribution;
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e.g., it contains a structured signal detectable by single-channel pro-
cessing. A similar result for the GC estimate was given in [6], and
invariance of the individual eigenvalues of Ĝ to the statistics of one
channel was shown in [7].

This paper develops a geometric perspective on the distribution
of normalized Gram matrices that is used to derive the distribution of
the matrix under suitable H0 assumptions. As a direct corollary, this
yields an invariance result for the distribution of the matrix that im-
plies invariance of, for example, functions of its eigenvalues as spe-
cial cases. Section 2 introduces the geometric formulation, together
with necessary notation and terminology, and also establishes a few
preliminary results used in the proof of the main theorem. Section 3
gives a precise statement of the invariance theorem that is the main
result of the paper. Section 4 uses this result to derive the form of
the determinant of the normalized Gram matrix under signal-absent
hypotheses used in other literature, thus reproducing an important
known result in this area using the approaches introduced here. A
short conclusion closes the paper.

2. MATHEMATICAL FORMULATION

This section establishes notation and develops the geometrical
framework that are used in Section 3 to prove the main result of
this paper; i.e., that the distribution of a normalized Gram matrix
is, under suitable null hypotheses about its constituent data vectors,
invariant to the distribution of one of those vectors.

Consider a set of M complex vectors x1,x2, . . . ,xM ∈ CN

with M ≤ N . The Gram matrix of this set of vectors, denoted
by G(x1, · · · ,xM ), is the M ×M positive semi-definite hermitian
matrix whose elements are gij = 〈xi,xj〉 = x†jxi, where † denotes
conjugate transpose. Denoting by X the N ×M matrix whose mth

column is xm, the Gram matrix can be written as G = X†X .
The normalized Gram matrix Ĝ is obtained by normalizing the

vectors xj to unit length; i.e.,

ĝij =

〈
xi

‖xi‖
,

xj

‖xj‖

〉
=
〈xi,xj〉
‖xi‖‖xj‖

. (1)

The elements on the main diagonal of Ĝ are ĝii = 1, and its deter-
minant is

|Ĝ| = |G|
‖x1‖2 · · · ‖xM‖2

In [8] and [9], this structure is extended to the context of vector-
valued time series. In this generalization, Xj ∈ CN×K for j =
1, . . . ,M . Denoting X = (X1, X2, . . . , XM ). The Gram matrix
associated with X is G = X†X, which is an M ×M block matrix



with block elements Gij = X†iXj . It is always possible to decom-
pose Xj uniquely as

Xj = X̂jRj (2)

where X̂j is semi-unitary; i.e., X̂†j X̂j = IK , the K × K identity
matrix, and Rj ∈ CK×K is an upper triangular matrix with positive
diagonal elements. Note that R†jRj = X†jXj . The block elements
of the normalized Gram matrix Ĝ are

Ĝij = (R−1
i )†X†iXjR

−1
j .

When K = 1, this reduces to (1). The normalized Gram matrix has
the properties that Ĝii = IK and

|Ĝ| = |G|
|G11| · · · |GMM |

,

which is the detection statistic defined and analyzed in [8, 9].
In the decomposition (2), the columns of X̂i comprise a set of

K orthonormal vectors in CN . Such a set is known as a K-frame,
and the collection of all K-frames in CN defines a smooth manifold
VK,N of dimension 2NK − K2 called the Stiefel manifold [10].
VK,N admits an invariant measure dµVK,N (X̂) and has volume

vol(VK,N ) =

∫
VK,N

dµVK,N
(X̂) =

K∏
`=1

vol(S2(N−`)+1)

where

vol(Sm−1) =
2πm/2

Γ(m/2)

is the volume of the unit (m− 1)-sphere.
Denote by TK,N the space of matrices of the form [AT TT]T

where A ∈ C(N−K)×K and T is a K ×K upper triangular matrix
with real positive diagonal elements. Thus Ri ∈ TK,K in (2).

Suppose X ∈ CN×K is a random matrix having probability
density f with respect to Lebesgue measure on CN×K . The matrix
X is said to have a unitarily invariant probability distribution if

f(V X) = f(X) (3)

for all N × N unitary matrices V ∈ U(N). Decomposing X ac-
cording to (2) as X = X̂R, and noting that there always exists a
V ∈ U(N) that maps an arbitrary K-frame to a standard K-frame
Ê0, (3) implies that

f(X) = f(X̂R) = f(Ê0R) = h(R†R) = h(X†X)

for some function h.
An additional element preliminary to establishing the main re-

sult, Theorem 1, in the following Section is calculating the Jacobian
for the transformation (2). If X ∈ CN×K , then under the decompo-
sition X = X̂R Lebesgue measure in CN×K becomes

dX = |R|2NdµTK,K
(R) dµVK,N

(X̂),

where

dµTK,K (R) =

K∏
j=1

r−2j+1
jj drjj

K∏
i<j=1

dRe(rij)d Im(rij).

In this expression, rij are the elements of R and dµVK,N
(X̂) de-

notes invariant measure on the Stiefel manifold.

For a random matrix X ∈ CN×K with unitarily invariant prob-
ability density f(X) = h(X†X),

1 =

∫
CN×K

f(X)dX

=

∫
VK,N

∫
TK,K

h(R†R)|R|2NdµTK,K
(R) dµVK,N

(X̂).

Thus, ∫
TK,K

h(R†R)|R|2NdµTK,K
(R) =

1

vol(VK,N )
. (4)

3. INVARIANCE OF THE DISTRIBUTION OF Ĝ

With the notation and preliminary results set forth in Section 2, it is
now feasible to establish the central result of this paper:

Theorem 1. LetX1, X2, . . . , XM be independently distributed ran-
dom matrices in CN×K with Xj , j = 2, . . . ,M having unitary
invariant probability distributions and X1 having an arbitrary dis-
tribution. Then the normalized Gram matrix Ĝ(X1, . . . , XM ) has
distribution

dF (Ĝ) =
vol(VKM,N )

vol(VK,N )M
|Ĝ|N−MK

M∏
i<j

dĜij

where dĜij =
∏K

`,m=1 dRe[Ĝij ]`m d Im[Ĝij ]`m.

Proof. Under the hypotheses of the theorem, X = (X1, X2, . . . , XM )
has distribution

dF (X) = f1(X1)

M∏
m=2

fm(Xm)

M∏
j=1

dXj , (5)

where the distributions fm(Xm)dXm, j = 2, · · · ,M are unitarily
invariant. In this expression (and subsequently), the shorthand no-
tation dXj = dRe(Xj)d Im(Xj) is used. Now, X has a unique
decomposition X = LT with L ∈ VMK,N and T ∈ TMK,MK .
Write T = (T1, . . . , TM ) where Tj ∈ TK,jK . From [11, 10],

M∏
j=1

dXj = |T|2N
M∏
j=1

dµTK,jK
(Tj) dµVMK,N (L). (6)

Substituting (6) into (5), the joint density of T and L is obtained as

dF (T,L)

= f1(LT1)

M∏
m=2

fm(LTm)|T|2N
M∏
j=1

dµTK,jK
(Tj) dµVMK,N (L).

(7)

The Gram matrix of X is G=T†T. Consequently (see [10]),

M∏
i≤j

dGij = 2MK |T|2MK
M∏
j=1

dµTK,jK
(Tj). (8)

Substituting (8) into (7) and noting that |G| = |T|2, the joint density
of G and L is obtained as

dF (G,L) = 2−MKf1(LT1(G11))dµVMK,N (L)

×
M∏

m=2

hm(Gmm)|G|N−MK
M∏
i≤j

dGij ,



which depends on the assumption that the fm for m = 2, · · · ,M
are unitarily invariant.

Next, the Gram matrix G is normalized by letting G = R†ĜR
where R = diag(R1, . . . , RM ) with Rj ∈ TK,K . Note that
Gmm = R†mRm. Hence,

dG = dR†ĜR + R†dĜR + R†ĜdR,

which implies that

(R−1)†dGR−1 = (R−1)†dR†Ĝ + dĜ + ĜdRR−1.

The exterior product of the independent elements of the matrix on
the left-have hand side is

|R|−2MK
M∏
i≤j

dGij

By construction, the diagonal blocks of Ĝ are IK and those of dĜ
are zero. Thus the exterior product of the independent elements of
the matrix on the right hand side is

2MK
M∏
i<j

dĜij

M∏
m=1

dµTK,K (Rm).

Therefore,
M∏
i≤j

dGij = 2MK |R|2MK
M∏

m=1

dµTK,K
(Rm)

M∏
i<j

dĜij . (9)

In addition, |G|N−MK = |R|2(N−MK)|Ĝ|N−MK . Substituting (9)
into (1) and marginalizing with respect to L and R yields

dF (Ĝ) =

∫
VMK,N

∫ ∞
0

f1(L1R1)

K∏
`=1

[R1]
2(N−`)+1
`` dR1dµ(L)

×
M∏

m=2

∞∫
0

hm(R†mRm)

K∏
`=1

[Rm]
2(N−`)+1
`` dRm|Ĝ|N−MK

M∏
i<j

dĜij

(10)

where L1 is a matrix comprised of the first K columns of L.
Writing L = [L1,L

′] and using the recursive property of the
invariant measure on the Stiefel manifold [10], the normalization of
the density f1 implies∫

VMK,N

∞∫
0

f1(L1R1)|R1|2KdµTK,K
(R1) dµVMK,N

(L)

=

∫
V(M−1)K,N−K

dµV(M−1)K,N−K
(L′)

×
∫

VK,N

∞∫
0

f1(L1R1)|R1|2KdµTK,K
(R1) dµVK,N

(L1)

= vol(V(M−1)K,N−K)

Finally, using this and (4) in (10) proves Theorem 1. Note that
vol(VMK,N ) = vol(V(M−1)K,N−K) vol(VK,N ).

In particular, for the case K = 1, the distribution of Ĝ is

dF (Ĝ) =
vol(VM,N )

vol(V1,N )M
|Ĝ|N−M

M∏
i<j

dĝij .

4. DISTRIBUTION OF THE DETERMINANT OF Ĝ

Determinants of normalized Gram matrices have been used as detec-
tion statistics for certain multi-channel detection problems. In fact,
this statistic arises naturally in Bayesian and other tests for discrim-
ination between diagonal covariance structure (H0) and arbitrary
non-diagonal covariance structure (H1) [12]. Typical applications
involve testing for the presence of a common but unknown signal in
multiple channels of noisy sensor data [2, 8, 9].

As evident from (1), normalized Gram matrices can be regarded
as Gram matrices of sets of unit vectors, or more generally, of or-
thonormal K-frames. The distributions of these statistics under the
null hypothesis follow directly from the distributions of Gram deter-
minants of independent uniformly distributed unit vectors, or of K-
frames that are independent and uniformly distributed on the Stiefel
manifold.

Among many important properties of Gram determinants are the
following:

1. The Gram determinant is related to the standard inner product
on the anti-symmetric tensor space ∧MCN by

|G(x1, · · · ,xM )| = 〈x1 ∧ · · · ∧ xM ,x1 ∧ · · · ∧ xM 〉

2. |G(x1, · · · ,xM )| is the square of the volume of the paral-
lelotope form by x1, · · · ,xM and is independent of the order
of the vectors.

3. If y ∈<x1, · · · ,xM−1>, then

|G(x1, · · · ,xM + y)| = |G(x1, · · · ,xM )|

4. If <x1, · · · ,xK> denotes the subspace of CN spanned by
x1, · · · ,xK and PM−1 is the orthogonal projection onto its
orthogonal complement <x1, · · · ,xM−1>

⊥, then

|G(x1, · · · ,xM )| = |G(x1, · · · ,xM−1)|‖PM−1xM‖2

Properties 2-4 follow in straightforward ways from Property 1 and
basic properties of determinants.

Consider Theorem 1 for the special case K = 1, where the nor-
malized Gram matrix Ĝ = G(x̂1, · · · , x̂M ) is formed from inde-
pendent random vectors with x̂2, · · · , x̂M uniformly distributed on
the unit sphere in CN and x̂1 having arbitrary distribution. Property
4 implies directly that

|G(x̂1, · · · , x̂M )| =
M∏

m=2

|G(x̂1, · · · , x̂k)|
|G(x̂1, · · · , x̂k−1)|

=

M∏
m=2

‖Pk−1x̂k‖2
(11)

where Pk denotes the orthogonal projector onto < x̂1, · · · , x̂K>
⊥.

Obtain the distribution of |G(x̂1, · · · , x̂M )| is possible with the
use of the following result, which adapts [13] to unitary invariance,
rather than gaussianity assumptions:

Theorem 2. Let x̂ be a complex unit vector uniformly distributed on
the unit sphere in CN . Let V ⊂ CN be a subspace of dimension K
and decompose x̂ as

x̂ =
√
τ v +

√
1− τ w (12)

where τ ∈ [0, 1], v ∈ V and w ∈ V ⊥. Then the joint distribution
of τ , v and w is

dF (τ,v,w) =
τK−1(1− τ)N−K−1

2 vol(S2N−1)
dτ dµV1,K (v) dµV1,N−K

(w)



Proof. The distribution of x̂ is

dF (x̂) =
1

vol(S2N−1)
dµV1,N (x̂)

where dµV1,N is the invariant measure on the unit sphere in CN .
The decomposition (12) implies that

dx̂ =
1

2

(
1√
τ
v − 1√

1− τ
w

)
dτ +

√
τ dv +

√
1− τ dw

Multiplying by the inverse of the N ×N unitary matrix

U =
(√
τ v +

√
1− τ w,

√
1− τ v −

√
τ w, YV , YV⊥

)
where the columns of YV consist of an orthonormal set of K − 1
vectors in V which are all orthogonal to v, while those of YV⊥ con-
sist of an orthonormal set of K − 1 vectors in V ⊥ which are all
orthogonal to w, gives

U†dx̂ =


τv†dv + (1− τ)w†dw

1/
(
2
√
τ
√

1− τ
)
dτ +

√
τ
√

1− τ
(
v†dv −w†dw

)
√
τ Y †V dv√

1− τ Y †
V⊥

dw


Taking the exterior product of the independent elements of both sides
of this equation, and noting that x̂†dx̂, v†dv, and w†dw are pure
imaginary, gives

dµV1,N (x̂) =
1

2
τK−1(1−τ)N−K−1dτ dµV1,K (v) dµV1,N−K

(w)

and the theorem follows.

An immediate consequence of Theorem 2 is that is τ , the
squared length of the projection of x̂ onto V , is beta-distributed; i.e.,
τ ∼ B(K,N −K)

dF (τ) =
1

B(K,N −K)
τK−1(1− τ)N−K−1dτ. (13)

Note that the beta function B(K,N −K) satisfies the identity

B(K,N −K) =
vol(S2K−1) vol(S2(N−K)−1)

2 vol(S2N−1)

and the beta distribution (13) depends only on the dimension of the
subspace V . Hence each factor in (11) is beta-distributed; i.e.,

‖Pk−1x̂k‖2 ∼ B(k − 1, N − k + 1)

Further, since each x̂k is independently distributed and the distribu-
tion of ‖Pk−1x̂k‖2 depends on Pk−1 only through its rank, then the
factors ‖Pk−1x̂k‖2, k = 2, · · · ,M are independently distributed.
This result from [2], that |Ĝ| is distributed as the product of inde-
pendent beta distributed random variables, thus follows as a special
case of the more general framework developed in this paper.

5. CONCLUSIONS

This paper has introduced a geometrical perspective to enable anal-
ysis of the distribution of normalized Gram matrices and used this
approach to derive the distribution of such a matrix under a suitable
null hypothesis. This derivation makes explicit the essential symme-
try in the null hypothesis. It also yields as a corollary an invariance
result that subsumes several results regarding invariances of (func-
tions of) the eigenvalues of such matrices that have been published
over the past four decades. The H0 distribution of the determinant
of a normalized Gram matrix is obtained using this approach, re-
producing an important known result using the approach introduced
here.
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