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ABSTRACT
Coherence estimation is an established approach in multiplechannel detection and estimation, providing optimal solutions in many cases. Recent work has considered the use
of maximum-entropy matrix completion when elements are
missing from the gram matrix from which the coherence
statistics are formed. This is desirable in sensor network
settings, for example, where direct communication is not
available between every pair of nodes in the network. This
paper examines the role of network topology in determining the conditional distributions of the statistic obtained by
the matrix completion process under both signal-present and
signal-absent hypotheses.
1. INTRODUCTION
Coherence estimation is an established approach in multichannel detection and estimation. Detectors and estimators
based on this approach are typically functions of the eigenvalues of a gram matrix formed from segments of time series
data collected at the sensors [8, 6, 12, 10, 9, 11, 13]. In some
active sensing settings, a signal replica may be used in addition to sensor data in forming the gram matrix [1]. Recent
work has also used multiple segments of time series from the
same sensor in coherence-based processing [12, 2].
The generalized coherence (GC) estimate [8, 6], which
is based on the gram matrix determinant, is the statistic for
an optimal test of diagonal covariance versus arbitrary nondiagonal covariance across the channels. It has been used, in
particular, for detecting the presence of a common but unknown signal in noisy data collected at a suite of sensors.
While this paper focuses on the GC estimate, the approach
for handling scenarios involving incompletely connected sensor networks introduced in [7] and analyzed here also applies
to other statistics based on the gram matrices.
As discussed more precisely in Section 2, the elements
in the gram matrix are inner products (correlations) between
normalized segments of time series data collected at each
pair of sensors in the network. When two nodes are in direct
communication (i.e., share an edge in the network graph),
their corresponding inner product can be computed locally.

Thus in the case of a completely connected network, only
scalar values must be accumulated globally to form the gram
matrix. This research is primarily motivated by incompletely
connected sensor networks, wherein local computation of
some inner products is not possible. The approach set forth
in [7] replaces missing inner product data with “surrogate”
values obtained via a maximum-entropy method, in essence
performing maximum-entropy completion of the gram matrix. The loss in detection performance compared to having
the full gram matrix was observed in simulations to be modest
when the number of surrogated entries was small.
This paper examines the statistical behavior of the GC estimate formed from a gram matrix obtained by completing a
partial gram matrix according to maximum-entropy criterion
in the absence of a common signal. The focus is on two questions:
1. Under the signal-absent hypothesis (H0 ), does the distribution of the GC estimate depend on which elements
of the gram matrix have been surrogated, or only on
how many?
2. Under the signal-present hypothesis (H1 ), does the distribution of the GC estimate depend on which elements
of the gram matrix have been surrogated?
Item 1 is of particular importance in setting detection
thresholds that correspond to desired false alarm probabilities
at the fusion center. If the signal-absent distribution does not
depend explicitly on the network topology, it will only be
necessary for the fusion center to store one set of detection
thresholds for each number of possible surrogated values
rather than one set for each possible network topology, of
which there are a huge quantity for even a ten-node network.
Section 2 introduces the problem formulation and establishes the GC detector. Section 3 describes the approach taken
for applying coherence-based detectors in examines in incomplete networks, where surrogate values for channels that
are not in direct communication are provided by maximumentropy completion of the gram matrix. Simulation results
showing the performance of this method in specific scenarios
are presented in Section 4 and an invariance property that is

the main result of this paper is presented in Section 5. A short
discussion closes the paper.
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2. GENERALIZED COHERENCE DETECTION
Consider a set of M complex N -vectors, x1 , · · · , xM that
represent time series data from each of the M spatially distributed sensor channels. It is assumed, as is normally true in
practice, that N  M . The GC estimate for M ≥ 2 sensor
channels is defined as
γ̂ 2 (x1 , . . . , xM ) = 1 −

det G(x1 , . . . , xM )
||x1 ||2 · · · ||xM ||2
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Fig. 1. (a) A complete sensor network with four nodes. (b)
An incomplete four-node network.

3. MAXIMUM-ENTROPY SURROGATION IN
GC-BASED DETECTION

where
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is the M × M positive semi-definite hermitian matrix whose
entries are comprised of the inner products hxi , xj i = x†j xi ,
where † denotes conjugate transpose. Denoting X the N ×
M matrix whose mth column is xm , the gram matrix can be
written as G = X † X. In typical multiple-channel detection
applications, the value of γ̂ 2 is compared to a threshold to
decide between signal-absent (H0 ) and signal-present (H1 )
hypotheses, defined as follows
H 0 : xk = νk ,
H1 : xk = αk s + νk ,

k = 1, . . . , M
k = 1, . . . , M

where s ∈ CN is the common, but unknown, deterministic
signal and the random vectors νk are independent, complex,
zero-mean, white gaussian noise, i.e. νk ∼ CN [0, σ 2 IN ×N ]
with 0 the zero vector in CN and I the N × N identity matrix.
Each αk represents an unknown complex gain.
Consider the four-node sensor network (M = 4) depicted
in Figure 1(a). In this diagram, each pair of elements connected by an edge in the network graph are assumed to be
in direct communication, and consequently able to form the
inner product of their data locally and transmit only a scalar
value to the fusion center for processing. So in the network
configuration of Figure 1(a) the fusion center receives all necessary information to implement the GC detector. However,
when the network graph is not complete, as in the network
configuration of Figure 1(b), inner products of data vectors
corresponding to each edge in the network graph is not sufficient to enable the fusion center to compute the GC estimate.
The following section describes an approach for completing the gram matrix and performing an approximate GC estimate when the network is incompletely connected.

The problem of completing a partial gram matrix corresponding to sensor network configurations, as in the case depicted
in Figure 1(b), has been addressed in recent work. A method
for forming an approximate GC estimate was recently introduced in [7]. The approach outlined in this paper uses
the principle of maximum entropy to introduce maximumentropy “surrogate” values for the missing inner product
entries of the gram matrix.
Briefly, the method of maximum-entropy assumes that
there is a complex random variable xm modeling the time series data collected at each sensor. The ability to communicate
between sensors k and j linked in the network graph gives
an estimation of the covariance cov(xk , xj ). Thus for a complete sensor network, it is possible to estimate the full M ×M
covariance matrix C of the variables x1 , . . . , xM . Under the
suitable assumption that these variables are independent with
mean zero, the optimal estimator Ĉ is proportional to the
gram matrix G(x1 , . . . , xM ). The method of maximumentropy holds that missing values in C should be surrogated
in such a way as to introduce no new assumptions about the
nature of the random variables or of the network itself. The
joint distribution of the random variables x1 , . . . , xM that
best describes the current knowledge (i.e. the estimated covariances between all pairs of directly connected sensors) is
the maximum-entropy distribution constrained by the available data. The problem of finding the maximum-entropy
completion of a covariance matrix has been studied in prior
literature, where it is noted that the covariance matrix of this
maximum-entropy distribution will have the property that
its inverse will have zeros in positions corresponding to the
missing covariance values [14]. This method gives a direct
means for computing the necessary surrogate values for a
partial gram matrix in small network regimes. It is noted that
computing k surrogate values via the method of maximumentropy becomes formidable for M > 5. Fortunately, such
maximum-entropy covariance matrix completion problems
can be efficiently solved by convex programming techniques
[4].

4. DETECTION PERFORMANCE IN
INCOMPLETELY CONNECTED NETWORKS
Consider the four-sensor incomplete network (M = 4) with
two surrogated links, as pictured in Figure 2. This is the
smallest setting for which there are two distinct network
topologies.
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with two surrogated values) suggests that performance may
be identical.
Further empirical tests for various network sizes and
topologies show that the different networks of M sensors
with equal numbers of surrogate values give indistinguishable detection performance. Figure 4 illustrates ROC curves
obtained from a 1,000-trial Monte Carlo simulation with
equal SNR on all sensor channels. The scenario is detection
of a white complex gaussian signal vector in while complex
gaussian noise on M = 20 channels. The vectors are of
length N = 128. Each curve corresponds to a distinct randomly generated topology with k = 5 surrogate values. We
remark that the number of distinct network topologies for a
20-node sensor network with 5 surrogations is on the order of
2 × 1034 .

Fig. 2. The two distinct topologies for a four-node network
with four edges.
ROC curves obtained from a 1,000-trial Monte Carlo simulation with equal SNR on all sensor channels are shown in
Figure 3 below. The scenario is detection of a white complex
gaussian signal vector in white complex gaussian noise on
M = 4 channels. The vectors are of length N = 128. The top
set of curves is the detection performance with SNR −7.5 dB,
the center has SNR −9 dB, and the bottom set of curves is the
detection performance with SNR −12 dB. Within each set,
the solid curve is the detection performance assuming all data
are available and aggregated at the fusion center, while the
dashed lines are for the incomplete networks with maximumentropy completion of the gram matrix.

Fig. 4. ROC curves for detection in complete and surrogated
twenty-node networks at three different SNRs. Maximumentropy matrix completion in this case was accomplished numerically via convex optimization.

5. NULL DISTRIBUTION OF SURROGATED
COHERENCE

Fig. 3. ROC curves for detection in complete and surrogated
four-node networks at three different SNRs.
The loss in detection performance between the fully connected network and the incompletely connected networks in
the two topologies compared is modest, in agreement with
[3, 7]. More importantly for this paper, examination of the detection performance for the two incomplete topologies (each

In the context of multiple-channel signal detection, the value
of knowing the conditional distribution under the signalabsent hypothesis is its utility in determining detection thresholds that correspond to desired false alarm probabilities. Past
work [5, 6] has studied the conditional distributions under
the signal-present and signal-absent hypotheses. In fact, the
statistical behavior of the GC estimate is well understood
in the absence of a common signal, thereby allowing such
thresholds to be readily established. Recording the distribution of the surrogated γ̂ 2 value under signal-absent conditions
with 1,000 independent trials provides empirical cumulative
distribution functions, shown in Figure 5(a), for the two
distinct four-sensor network topologies depicted in Figure
2. By standard goodness of fit tests, these distributions are
indistinguishable.

The invariance to network topology observed in the surrogated null distribution is not expected to hold under the
signal-present hypothesis, particularly when channels carry
signal of differing strengths. Without investigating any detail,
this conclusion is verified in one example as follows. Reconsider the four node sensor network in Figure 2(a). Since
sensors 1 and 3 do not receive any information from sensor
4, if 4 carries a stronger signal than do sensors 1, 2, and 3,
detection performance degradation is expected. Figure 5(b)
illustrates sample distribution functions under such a model.

each possible network topology. These empirical results are
sufficiently compelling to motivate a comprehensive, theoretical study. At the time of this publication, however, an analytical proof of the desired invariance has not yet been forthcoming.
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