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Asymptotic Analysis of the Generalized Coherence
Estimate

Axel Clausen, Member, IEEE,and Douglas Cochran, Senior Member, IEEE

Abstract—The generalized coherence (GC) estimate has shown
promise as a multiple-channel detection statistic, but analysis of
its performance in this role has been hampered because its prob-
ability density function is difficult to evaluate under signal absent
hypotheses and is unknown under signal-present hypotheses. This
paper presents an asymptotic analysis of the GC estimate that pro-
vides tractable closed-form expressions for the density of the GC
estimate under useful signal-absent and signal-present hypotheses.
These expressions are valid as the number of data samples em-
ployed in the estimate approaches infinity. Theoretical predictions
of detection performance based on these expressions are shown to
match closely results obtained by Monte Carlo simulation, even
when relatively small numbers of samples are used in the GC esti-
mate. These results are used to further examine the merits of the
GC estimate as a multiple-channel detection statistic.

Index Terms—Correlators, multisensor systems, radar detec-
tion, signal detection, sonar detection.

I. INTRODUCTION

T HE generalized coherence (GC) estimate and its use as a
statistic for detection of a common unknown signal com-

ponent in multiple noisy channels were introduced in [1]. The
GC estimate was observed to generalize the magnitude-squared
coherence (MSC) estimate, which is widely used in two-channel
detection and time-delay estimation [2]. As with the MSC es-
timate, the utility of the GC estimate as a detection statistic
arises because its probability distribution is known under the
signal-absent ( ) assumptions that all channels contain inde-
pendent complex white Gaussian noise. This knowledge allows
detection thresholds corresponding to desired false-alarm prob-
abilities to be explicitly calculated, thereby providing a foun-
dation for a constant false alarm rate (CFAR) detector. Recent
work on invariance properties of the GC estimate [3] has gen-
eralized earlier results for the MSC estimate [4], [5] by estab-
lishing that the distribution of the GC estimate is invariant to
the distribution of one channel, provided the remaining chan-
nels contain only white Gaussian noise and that all channels
are independent. It has recently been observed that the GC es-
timate is the generalized likelihood ratio test (GLRT) statistic
to determine if the components of a complex Gaussian random
vector are independent and that the GC estimate arises as the
test statistic in the uniformly most powerful invariant matched
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subspace detector for a class of multiple-channel detection prob-
lems [6], [7].

A significant limitation encountered in application of the
GC estimate is that its distribution within the framework of a
useful signal-present ( ) model is not known except in the
two-channel (i.e., MSC) case. Consequently, all performance
data for GC-based detectors using three or more channels has
come from simulations. Another problem is that the distribution
of the GC estimate under is given in [1] by a recursion for-
mula that is intractable for more than a few channels. This paper
addresses both of these issues by developing an asymptotic
analysis of the GC estimate. This analysis provides closed-form
expressions for the distribution of the estimate under as
well as under an additive model that are valid as the number
of data samples used in the estimate approaches infinity. By
comparison with simulations, these expressions are shown to
provide accurate predictions of detector performance, even
when relatively small numbers of samples are used to form the
GC estimate. Moreover, the tractability of the asymptotic
distribution means detection thresholds can be easily computed
for large numbers of channels. The availability of a distribution
under allows performance comparison between GC-based
detectors and multiple-channel detectors based on the multiple
coherence (MC) estimate [8].

The remainder of this paper is organized as follows. The
next section describes the multiple-channel detection scenario
and defines generalized coherence and the GC estimate. In
Section III, asymptotic expressions are developed for the
distribution and for the non-null distribution under an explicit
set of assumptions. Section IV uses these results to present
an asymptotic performance analysis for GC-based detectors.
Receiver operating characteristic (ROC) curves derived from
theory are compared with empirically determined ROC curves
for various scenarios. The performance of GC-based and
MC-based detectors is also compared in Section IV.

II. GENERALIZED COHERENCE

Suppose that the -channel detector is to operate in a sce-
nario

where denotes a common signal with spectral density ,
and the noise , on each channel is independent
and complex Gaussian with spectral density . For a white
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signal in additive white noise, the vectorsobtained by sam-
pling the processes can be modeled as independent realiza-
tions of a complex random -vector .

Suppose that independent observations of the random
vector are available. The GC estimate, which is introduced in
[1], is defined as

(1)

where

(2)

denotes the complex conjugate transpose of, and is
the th diagonal element of the matrix. Note that the matrix

has a complex Wishart distribution, which was introduced in
[9] as

tr

with

The moments of as given in (1) can be calculated as

where the integration is performed over all the elements of.
Applying the fact that under all the components of are
independent yields

(3)

and the th moment of the GC estimate under is

(4)

Prior work has focused on the GC estimate without sig-
nificant attention to the underlying entity being estimated. In
analogy with the well-known magnitude-squared coherence
coefficient, the generalized coherence coefficient of a complex
random vector with covariance matrix may be defined as

(5)

It can be shown that the GC estimate (1) provides a consistent
estimate of .

The GC coefficient is a measure of the degree of correla-
tion of the components of and has the properties

for all , if and only if all components of are uncor-
related and if any two components are perfectly cor-
related. The GC coefficient can be expressed in terms of the
signal-to-noise ratios (SNRs) on thechannels as follows. The
SNR on the th channel at frequency is defined as

SNR

For a white signal in white noise, the spectral densities (and
therefore the SNRs) are independent of frequency. Substituting
the expression for the SNR into (5), it is possible to express the
GC coefficient in terms of the SNRs on the channels as

SNR SNR

SNR

(6)

where denotes the set SNR SNR SNR ,
and denotes the sum of all the-tuples from . For
example, SNR SNR SNR SNR
SNR SNR .

For equal SNRs on all channels, the GC coefficient for
channels can be written in terms of the SNRs as

SNR

SNR

SNR

III. A SYMPTOTIC DISTRIBUTION

In this section, asymptotic distributions of the GC estimate
are derived under the assumption that all channels contain
independent white Gaussian noise and under theassump-
tion of a common white Gaussian signal in additive independent
white Gaussian noise.

A. Asymptotic Distribution

In [1], the distribution of the GC estimate was developed
by a geometrical argument. A closed-form expression was pre-
sented for channels, and a recursion formula was given
to obtain the distribution for more than three channels. How-
ever, the recursion formula is not easy to evaluate, and thus far,
no closed-form expressions of the distribution are known for

channels.
The derivation of the asymptotic distribution follows an

approach introduced by Box [10], which provides a general
asymptotic expansion of the distribution of a random variable

whose th moment is of the form

(7)
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for . In (7), is a constant such that
, and it is required that .
In the previous section, the moments of the GC estimate were

derived under the assumption. The moments ofare given
in (3), and the moments of are

(8)

where the constant contains all terms that do not depend on
. Comparison of (8) with (7) yields , ,
, , and . From (3), it follows that ,

and Box’s theory can be applied to. The distribution of the GC
estimate follows immediately from
the distribution of .

Consider , where will be
determined later. Applying Box’s approach, the asymptotic dis-
tribution is found by calculating the characteristic function of

and using an expansion formula for the gamma function
in terms of Bernoulli polynomials. Details of this expansion can
be found in [11]. The distribution of is

(9)

where is the chi-squared distribution with degrees of
freedom

is the Bernoulli polynomial of degreeand order unity [12],
and

Box suggests calculatingsuch that . Using the rela-
tion for Bernoulli polynomials that ,

can be expanded as

and

With , the distribution simplifies to

(10)

where

with

For most practical applications, it is sufficient if the series is
terminated after three terms. The distribution of the GC estimate
can be obtained in the following manner. Let

and therefore

Finally, the distribution of is given as

(11)

with .

B. Asymptotic Distribution

The goal of this section is to establish that for a complex
zero-mean white Gaussian signal in complex zero-mean white
Gaussian noise, the conditional distribution of, given ,
is asymptotically normal with mean and vari-
ance

var
tr

(12)

where denotes the matrix of correlation coefficients between
the channels. Under these conditions,is a zero-mean complex
Gaussian random -vector [9] with covariance matrix

.
It clearly suffices to establish that , as defined in (1), is

asymptotically normal with the appropriate mean and variance.
To achieve this, is shown in the following paragraphs to be
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an affine function of a complex random vectorthat is asymp-
totically normal.

Denote . Calculating the characteristic func-
tion of and applying the central limit theorem for complex
random variables [13] shows that the asymptotic distribution of

is complex Gaussian. Its mean is
. To calculate the covariances of the elements

of , first observe that the covariances of the elements ofare
given as

(13)

which is obtained by expanding the product and substituting
the fourth moment of a zero-mean complex Gaussian random
vector, which is given in [13] as

Now, since

substituting (13) yields

(14)

Define to be the vector obtained by arranging the elements
of in row-major order. Then, is asymptotically zero-mean
Gaussian, as desired, and its covariance matrixis determined
by (14).

It remains to be shown that in the limit , is an affine
function of . The Taylor expansion of at is

In this expression, the notation is understood to repre-
sent a column vector formed from the matrix elements in row-
major order, and is a row vector of partial derivatives of

with respect to the elements of, again taken in row-major
order. Assuming the higher order terms are negligible for suffi-
ciently large yields the desired expression foras an affine
function of

(15)

where .
The asymptotic mean of can be calculated by

taking the mean on both sides of (15) as

Standard results on Gaussian variates suggest that the asymp-
totic variance of can be obtained using (15) and the covariance

TABLE I
COMPARISON OFDETECTION THRESHOLDSOBTAINED FROM THE EXACT

DISTRIBUTION (FIRST VALUE) AND THE ASYMPTOTICDISTRIBUTION (SECOND

VALUE) FOR A THREE-CHANNEL GC-BASED DETECTORCORRESPONDING TO

CERTAIN PROBABILITIES OF FALSE ALARM AND DIFFERENTSAMPLE SIZESN

TABLE II
DETECTION THRESHOLDSOBTAINED FROM THE ASYMPTOTIC DISTRIBUTION

CORRESPONDING TOCERTAIN PROBABILITIES OF FALSE ALARM AND

DIFFERENT SAMPLE SIZES N FOR A GC-BASED DETECTOR WITH

M = 4; 5; 10; 20 CHANNELS
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Fig. 1. Comparison of empirically determined (dashed lines) to asymptotic ROC curves (solid lines) of a three-channel GC estimate with equal SNR on all
channels. The empirical distributions were obtained using 1000-trial Monte Carlo simulations. Curves are given for�9 dB,�12 dB, and�15 dB and different
vector lengthsN .

matrix of calculated above. Following [14], the computa-
tion is accomplished using the total differential at :

Substituting and allows this
equation to be simplified into the expression for the asymptotic
variance of the GC estimate given in (12). For equal SNR on all
channels, the variance simplifies to

where denotes the correlation coefficient between any two
channels.

The preceding results establish that the conditional distribu-
tion of the GC estimate, given true GC value , is asymp-
totically Gaussian with mean and variance given in (12).

IV. NONPARAMETRIC DETECTION

This section presents several results for a multiple-channel
nonparametric detector based on the GC estimate as introduced
in [1]. The GC-based detector distinguishes between the hy-
potheses (all channels contain independent zero-mean white
Gaussian noise) and its complement. It does not assume an
explicit signal model but relies on the ability of the GC estimate
to discern deviations from the hypothesis.

Based on the results developed in the previous sections, an
asymptotic performance analysis for the GC detector is pre-
sented and it is evaluated in different detection scenarios.
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Fig. 2. Comparison of ROC curves for aM -channel GC detector obtained from the asymptotic distribution (solid lines) and from a Monte Carlo simulation
(dashed lines) for equal SNR on all channels. Curves are given for�9 dB,�12 dB, and�15 dB forM = 4 (above) andM = 5 (below) channels and for samples
sizes ofN = 512 (left) andN = 1024 (right). Note that the�9 dB curves fall outside the axis limits in theN = 1024 graphs.

A. Computation of Detection Thresholds

Knowledge of the distribution under the hypothesis al-
lows the calculation of detection thresholds for a constant false
alarm rate (CFAR) receiver.

In Table II, thresholds obtained from the asymptotic dis-
tribution are given for GC estimates with 4, 5, 10, and 20
channels. For 3, no exact thresholds are known, and the
thresholds obtained from the asymptotic distribution were veri-
fied by simulations. In these simulations, as expected, the actual
probability of false alarm approached the desired probability of
false alarm as the sample sizeincreased.

From these results, it can be concluded that the asymptotic
distribution is accurate, and it can be used to obtain detection

thresholds for detectors with moderately to large sample sizes.

B. Asymptotic Performance Analysis

In all previous research, the performance of a multiple-
channel detector based on the GC estimate was evaluated

from simulations. Using the asymptotic distributions derived
in the previous section, it is possible to develop a theoretical
performance analysis.

Table I compares detection thresholds obtained from the
exact distribution that was developed in [1] and thresh-
olds obtained from the asymptotic distribution for a
three-channel GC-based detector corresponding to certain
probabilities of false alarm and different sample sizes.
Even, for small sample sizes, the thresholds obtained from the
asymptotic distribution give a very good approximation of the
exact thresholds. In the table, the largest absolute difference
between an asymptotic and an exact threshold is of the order

.
ROC curves for a multiple-channel detector based on the GC

estimate can be obtained by noting that the asymptotic distri-
bution of the GC estimate depends on the GC coefficient and
the structure of the covariance matrix. Substituting (6), the
asymptotic distribution becomes a function of the SNRs of the
channels.
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Figs. 1 and 2 show ROC curves derived from the asymptotic
distribution compared with the result of Monte Carlo simula-
tions for different equichannel SNRs and different vector sizes.
In Fig. 1, which considers the case of , the exact dis-
tribution is used, whereas in Fig. 2, which presents ROC curves
for 4 and 5 channels, the detection thresholds are
computed from the asymptotic distribution. From Fig. 1, it
can be observed that even for small vector lengths, the theoret-
ical and the empirically determined curves agree well, as long
as the SNR is not too small.

While the GC estimate is asymptotically unbiased, simula-
tions have shown that a better approximation of the distribution
for finite values of is achieved if the asymptotic distribution is
corrected by addition of the estimate bias. While a closed-form
expression for the bias of the GC estimate given a nonzero value
of is not known, many problems of practical interest involve
SNRs sufficiently small that it is reasonable to approximate the
bias by assuming , which is given in (4). This bias cor-
rection factor was used in Figs. 1 and 2.

C. Number of Channels Versus Performance

One consideration in applying a multiple-channel detection
statistic to a problem is the choice of the number of channels.
A tradeoff exists between computational expense and a higher
probability of detection as the number of channels increases.
Table III shows equichannel SNRs to achieve certain probabil-
ities of detection for GC-based detectors with different number
of channels . For fixed sample size , , and , it can be
observed that the required SNR reduces as the number of chan-
nels increases.

This increase in performance is also documented in Table IV.
An -channel GC-based detector operates at a certain SNR
and achieves a certain probability of detection. The table shows
the required SNR of an additional channel that the resulting

-channel detector achieves a similar performance as
the -channel detector. The required SNRs of the additional
channel are, in general, about 3–5 dB lower than the SNRs of
the other channels. Therefore, the probability of detection of
a detector can be increased as long as the SNR of any additional
channel is, at most, 3 dB lower than the minimum SNR of the
other channels.

D. Comparison with Multiple Coherence

Another important nonparametric detection statistic is the
multiple coherence (MC) estimate. It has been used in several
applications [8], [16], [17]. This section presents a comparison
of the detection performance of a GC-based detector to a
detector based on the MC-estimate. In [1], results from simula-
tions were used for a comparison of three-channel detectors.

For this comparison, it is assumed that a common white
Gaussian signal is present in independent additive white
Gaussian noise. Under these conditions, the MC estimate of
channel is defined [9] as

TABLE III
EQUICHANNEL SNR NECESSARY TOACHIEVE CERTAIN PROBABILITIES OF

DETECTION FORDESIREDPROBABILITIES OF FALSE ALARM,M = 4, 5,AND

10 CHANNELS, AND SAMPLE SIZESN = 256, 512,AND 1024

TABLE IV
REQUIRED SNROF AN ADDITIONAL CHANNEL THAT AN (M + 1)-CHANNEL

GC DETECTOROBTAINS EQUAL PROBABILITY OF DETECTION AS A

M -CHANNEL GC-BASED DETECTOROPERATING AT A CERTAIN EQUICHANNEL

SNR= �6 dB,�9 dB,�12 dBFORM = 4, 5,AND 10 CHANNELS, AND

N = 256, 512,AND 1024
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Fig. 3. Comparison of the performance of a GC-based detector (solid lines) to a MC-based detector (dashed lines) with equichannel SNR. The upper curves are
for SNR= �9 dB and lower curves are for SNR= �12 dB. ForM = 5; N = 1024 the GC-based detector achievesP = 1 for all P > 10 .

where is the th diagonal element of , as defined in (2),
and is the th diagonal element of the inverse of. The MC
estimate is not invariant to the reordering of the channels, but it
relies on a “reference channel.” Therefore, for all comparisons
presented in this section, it is assumed that thechannels have
equal SNR. A detector based on this estimate was introduced
in [8], and thresholds for the detector are computed from the
exact distribution as given in that reference. Similar to the
GC-based detector, the ROC curves are obtained by expressing
the MC coefficient in terms of the SNRs of the channels and an
asymptotic non-null distribution obtained from a theorem given
in [14].

In [11] and [18], it is shown that the MC estimate is optimal
to determine a linear time-invariant relationship between the
channels. It is noted that the optimality of the MC estimate does
not apply to the comparison in this section because the relation-
ship to be detected among the channels is not linear.

In Fig. 3, ROC curves for a GC-based detector are compared
with ROC curves for a MC-based detector. The results for the
GC-based detector are obtained from the asymptotic perfor-
mance analysis developed previously. The graphs show com-

parisons for , and SNR dB
and 12 dB. It can be observed that the GC-based detector out-
performs the MC-based detector in all cases considered. The
margin becomes bigger as the number of channels increases.

V. DISCUSSION ANDCONCLUSIONS

The asymptotic distributions for the GC estimate derived
in this paper allow a much more complete understanding of
the characteristics of GC-based detectors than was previously
possible. Although it remains to develop precise bounds on the
error resulting when the asymptotic expressions are used to
approximate the actual distributions arising from GC estimation
with finite sample sequences, empirical evidence presented
here suggests that the error is sufficiently small to make the
asymptotic expressions very useful in predicting detector
performance—even for relatively small sample sequences.

Use of the asymptotic distribution greatly simplifies cal-
culation of detection thresholds when more than three channels
are involved. The availability of the asymptotic distribution for

scenarios with additive Gaussian signal provides a founda-
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tion for a much more complete analysis of the performance of
GC-based detectors in this important setting than was previously
possible. In addition to removing the need for extensive com-
puter simulation to predict detector performance, this analyt-
ical capability allows direct performance comparison between
GC- and MC-based detectors—some of which has been under-
taken in this paper. It also makes questions regarding the mar-
ginal value of additional data possible to address. Results pre-
sented in this paper show that adding another channel to a mul-
tiple-channel detection statistic can increase the performance of
the detector (obviously at the expense of computational com-
plexity). The authors expect to look more closely at such ques-
tions in future research with the goal of quantifying tradeoffs
between number of channels, SNR, integration time, and pro-
cessing bandwidth.

It is important to stress that the asymptotic non-null distri-
bution of the GC-estimate derived in this paper is for the spe-
cial case of a white Gaussian signal in additive white Gaussian
noise. Further research is necessary to obtain results under other

and assumptions, including colored and non-Gaussian
signals and noise. In the meantime, asymptotic results (e.g.,
[19]) suggest that the hypotheses used in this paper might be
useful approximations when dealing with broadband signals and
noise having non-Gaussian distributions that have been passed
through narrowband filters. Moreover, it is still possible to use
GC-based CFAR tests to detect deviations fromarising from
means other than addition of a common white Gaussian signal
component on each channel.
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