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ABSTRACT 
This paper proposes a region-selective image compres- 
sion method that is motivated by the nonuniform sam- 
pling stmcture of the human eye. The approach is based 
on the nonunqom sampling theorem of Clark for time- 
warped bandlimited finctions. The theoretical under- 
pinnings of the method are explained and examples are 
presented to illustrate its implementation and perfor- 
mance. 

1. INTRODUCTION 

In the human visual system, the image formed on 
the retina is sampled nonuniformly by the photorecep 
tors (cones), with high sampling density in the center 
of the visual field (foveal region) and a decreasing den- 
sity outward. Based on this observation, it is natural 
to consider reconstruction of images from nonuniform 
samples taken at points whose distribution m a t h  the 
distribution of photoreceptors in the retina. This could 
have applications in, for example, image/video com- 
pression where emerging techniques attempt to exploit 
biological and psychological perception models. This 
paper proposes a new method for region-selective im- 
age compression that is based on the use of the nonuni- 
form sampling theorem of J.J. Clark [l]. This method 
provides a means to model the retinal sampling pattern 
as a two-dimensional warping of a regular sampling lat- 
tice. Through use of Clark’s theorem, this would enable 
reconstruction of images from nonuniform samples that 
match the structure of the retina. 

Exploiting the foveated nature of the human eye 
for data compression and image processing has already 
received attention by signal processing researchers. In 
“foveated imaging,” static or video images are created 

and displayed with variable resolution across the image 
with high resolution given to the regions of interest. 

The primary value of foveated imaging is in im- 
age compression where high-resolution information is 
transmitted only in the regions of interest. In [2, 31, 
a multiresolution foveated coder and a multiresolution 
pyramid method for creating variable resolution dis- 
plays in real time were developed. The foveated prop- 
erty of the human eye has also been used in “retinal 
coding“ where an image is represented such that the 
resolution across it is matched with the structure of 
the human retina. 

A major problem of retinal coding and decoding 
algorithms is known to be the aliasing artifacts which 
occur in the peripheral region after decoding [2,4]. In 
[5], a smoothly decaying resolution is used for retinal 
coding and B-spline reconstruction is used to control 
the smoothness of retinally reconstructed images. An 
image filtering process based on the foveated nature 
of the human eye and radial sampling is presented in 
[SI. The method presented in this paper follows the 
multiresolution idea of [2, 31, and radial sampling of 
[6], but nonuniform sampling issues are handled with a 
more natural interpolation method. 

In the following, an explanation of the nonuniform 
sampling theorem of Clark for time-warped bandlim- 
ited functions is given. The proposed region-selective 
image compression method, as well as the circular spa- 
tial warping algorithm are explained. Some examples 
that demonstrate the properties of the proposed method 
are also presented. 
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2. NONUNIFORM SAMPLING THEOREM 

OF CLARK 

Clark et al. [l] introduced a sampliig theorem for 
functions on the real line that are formed by com- 
position of bandlimited functions with continuous in- 
vertible real-valued functions, also called time-warped 
bandlimited functions. Mathematically, a time-warped 
bandlimited function h : JR + C is defined by h = fp+y 
where f is R-bandlimited (its Fourier transform f is 
supported in [-n,fl]) and 7 : IR 3 P Since 7 is in- 
vertible, the time-warped bandlimited function h can 
be reconstructed from samples {h(tn) : n E Z) where 
tn = -y-'(nT) and T = x / Q  is the Nyquist interval for 
f .  This follows immediately from the Shannon sam- 
pling theorem: h(tn) = f (7 (y-'(nT))) = f (nT)  are 
Nyquist samples of f  so that 

nEZ 

.with &(t) = sinc [TT-'(t - nT)), where 

Hence 

h(t) = f ( ~ ( t ) )  = h(tn)[+n 07I(t) (1) 

If7 is afEne (i.e., ~ ( t )  = at+b with a # 0), h is bandlim- 
ited and the samples h(tn) are uniformly spaced. If is. 
not f i e ,  h will generally not be bandlimited [7,8] and 
the sampling times tn will generally not be uniformly 
spaced. The reconstruction is exact if f is continu- 
ous. Thus, Clark's observation provides a means for 
reconstructing certain non-bandlimited functions from 
nonuniformly spaced samples. 

Also, it has been observed in [7] that for any signal 
space that admits a reconstruction formula of the form 

nEZ 

there is a sampling theorem with reconstruction for- 
mula - 

h(t) = h(T-'(tn)Mn(7(t)) (3) 
n 

.for time-warped signals. Thus Clark's basic idea a p  
plies to time-warped signal spaces in addition to time- 
warped bandlimited functions. 

Clark's original paper [l] considered the 
two-dimensional setting and later work of Zeevi and 

L Shlomot [9] developed the two-dimensional perspective 

further. It is well known (see, for example [lo]) that 
if f E L2(R2) has compactly supported Fourier trans- 
form, it admits a reconstruction formula from certain 
"regular" sample sets corresponding to, the points of a 
uniform lattice in 3. In particular, i f f  (4 E 0 outside 
a bounded region R C R2, and f(d E L2(R2), then 
there exist non@ngular matrices U such that the region 
of support of f (g - U 4  does not overlap with the r e  
gion of support f(g - UnJ VE # m (m, 14 E Z2). Under 
such circumstances, f(g) can be reconstructed from its 
samples on the uniform grid zn = VTZ, where the 2 x 2 
nonsindar sampling matrix Vsatisfies UTV = 27F1 (I 
denotes the 2 x 2 identity matrix) for any U with the 
properties just described. The interpolation formula is 

f(d = I det VI - f(zE) - Wz - VE) (4) 
n - 

yhere @ is the inverse Fourier transform of the function 
defined by 

1 w € R  
0 elsewhere 4(g) = 

Let 7 : P + R2 be continuous and invertible, the 
spatially-warped function h is of the form h = f o 7. 

~(VTZ) so that formula (4) gives 
Defining gn = 7--l(VZ) yields h(y 1 = f (7(g2Q) = 

4- 

h ( d  = f (dd) = I det VI 

and hence 

f (VTZ) - Q (?(id - VTZ) 
n - 

h ( d  = I det VI - h(gJ - (did - Vn) (5) 

As with the one-dimensional case, the two-dimensional 
Clark's formula (5)  generalizes the Shannon sampling 
theorem. 

- 
n - 

3. REGION-SELECTIVE IMAGE 

COMPRESSION 

Given an image, first a region of it is selected to 
be the region of interest or "central region." In prac- 
tice, this should be the region in which the the viewer's 
gaze is most likely to be centered and hence benefit- 
ting most from high quality of reconstruction. The 
algorithm provides a reconstruction in which the res- 
olution of the reconstructed image decreases outward 
from the central region. To achieve this, the original 
image is downsampled nonuniformly with the highest 

1064 



density of sample points in the central region. Specif- 
ically, a radial downsampling of the original sampling 
lattice is done where the original image is divided into 
several circular regions each of which is downsampled 
to a different sample density. In the central region, all 
of the samples of the original image are retained. The 
second region is a ring around the central region. In 
this ring, only a fraction of the original samples are 
retained. In the third region, even a smaller fraction 
of the original samples are retained. This process can 
be done for more rings and circular regions until the 
desired nonuniform sampling pattern is obtained. 

The idea is to warp the desired nonuniform sam- 
pling pattern to a uniform lattice centered at the cen- 
tral point of the central region (denoted by p,) .  By 
doing so, the uniform lattice will contain the spatially- 
warped sample points of the original image. Since there 
are a smaller number of sample points in the warped 
lattice compared to the original one, the warped image 
will be a compressed form of the original image. This 
compression is achieved at the cost of having low qual- 
ity of the reconstructed image outside of the central 
region. 

Radial downsampling of the original sampling lat- 
tice is illustrated in Figure 1. The image is partitioned 
into a central region surrounded by multiple annular 
regions. The central region, inside the circle centered 
at p, with radius T I ,  retains all its original samples. 
The second region is a ring around the central region, 
specified by the radii r1 and 7-2. In this ring, only a 
fraction RI of the original samples are retained. In the 
third region, which is outside of the circle 7-2, an even 
smaller fraction R2 of the original samples are retained. 
This process can be done for more rings and circular 
regions until the desired nonuniform sampling pattern 
is obtained. 

The spatial warping function should map the de- 
sired nonuniform sampling pattern to a uniform sam- 
pling lattice centered at p,. It allocates a point in a 
uniform sampling lattice to each sample point that is 
taken nonuniformly from the original image and is de- 
h e d  by 

where (p, 8) is a point in the polar coordinate centered 
at p ,  and the parameters ri and &-I (i = 1,2,. - .) are 
the radii and downsampling ratios of the circular re- 
gions in the nonuniform sampling pattern, respectively. 

In order to demonstrate this method, some exam- 
ples are done for which the following circular spatial 
warping algorithm is used for developing a computer 

Figure 1: The image is partitioned into a central region 
(disc) surrounded by multiple annular regions. The 
central region retains all of its original samples, while 
each of the annular regions is downsampled to a differ- 
ent sampling density with rings more distant from the 
central region have lower sampling densities. 

program. 

3.1. The Circular Spatial Warping Algorithm 

The following explains the circular spatial warping 
algorithm that is used to map the desired nonuniform 
sampling pattern to a uniform sampling lattice centered 
around p,. 

Start with the point (2, y) = (0,O) in the left upper 
corner of the original image: 

1. For (z, y), find out its associated ri ,  I&-1 by com- 

2. Calculate the polar coordinate (p, 8) of (z, y) con- 

3. Calculate the Cartesian coordinate (zn, yn) of 

puting the distance between (2, y) and p ,  

sidering pc as the origin 

(Ti-1 + (P - ri-1) x R t - 1 7  8) 

4. Quantize (zn,yn) to obtain the point (zq,gq) in 
the uniform sampling lattice centered around p ,  

5. If (zq, ye)  is not previously assigned, assign it to 

6. Repeat the above steps for all the points in the 
(5, Y) 

original image 
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The above steps cause the given image to be en- 
coded to a warped image. The decoding procedure 
would be the reconstruction of the original image from 
this warped image. Since the above algorithm should 
be run to generate a lookup table that contains the 
warping information, the parameters p, ,  ri, and Ri-1 
(i = 1 , 2 , . - . )  are needed to be known for the decod- 
ing procedure. This lookup table is then used to un- 
warp/interpolate the warped image. Note that because 
of the quantization step 4, unwarping of the above al- 
gorithm would not be possible if step 5 were removed. 

4. EXAMPLES 

This section presents some examples that illustrate the 
proposed region-selective image compression method. 
The main purpose of doing these examples is to provide 
a preliminary illustration of the method’s performance. 
An ideal model for warping function would be the one 
that is matched to the structure of the retina. Here, 
a spatial warping function such as the one explained 
above is used. -Therefore future studies to find a better 
model for the warping function axe needed. - 

The original image in Figure 2 is sampled first with 
a foveal pattern centered on the man’s face (RI = 
213, R2 = 1/2) yielding the decimated image in Figure 
3. The reconstructed image in Figure 4 shows good 
fidelity on the man’s face, but some visible distortion 
away from this selected region. Another foveal pattern 
centered on the woman’s face (RI = 1/2, R2 = 114) 
yields the decimated image in Figure 5. In this case, 
decimation outside the foveal region is more severe and 
the resulting distortion outside the foveal region in the 
reconstructed image in Figure 6 is substantially more 
visible . 

5. CONCLUSION 

This paper has proposed a new method for region- 
selective image compression that is based on the use of 
the nonuniform sampling theorem of J.J. Clark. This 
method is motivated by the foveated property of the 
human eye and it provides a means for reconstruction 
of an image from a nonuniform sampling pattern that 
matches the structure of the retina. Some examples 
were presented as a preliminary demonstration of the 
proposed region-selective image compression method. 

Implementation of the proposed method in practice 
requires future performance and complexity studies, as 
well as comparison study with the other existing meth- 
ods. In particular, combining this method with the ex- 
.isting standard image encoder/decoder structures needs 

10 

Figure 2: Original image. . 

Figure 3: Image after foveal sampling centered in the 
man’s face (RI = 213. RI, = 112). 

Figure 4: The resulting reconstructed image for Figure 
3. 
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Figure 5: Image after foveal sampling centered in the 
woman’s face (RI = 1/2, Rz = 1/4). 

Figure 6: The resulting reconstructed image for Figure 
5. Note the more aggressive decimation in this case 
and the resulting higher distortion outside the foveal 
region. 

to be investigated. Also, additional investigation is 
needed to obtain a better model for the warping func- 
tion that would be matched to the structure Of the 
retina. 
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