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Abstract

Time-warped functions, and time-warped bandlimited
functions in particular, have received attention in con-
nection with nonuniform sampling. A conjecture to the
effect that bandlimitedness is preserved under continu-
ous and bijective time warping only if the warping func-
tion is affine has recently been shown to be false by an
example constructed by Y. Meyer. This opens theoretical
questions about conditions under which bandlimited-
ness is preserved by time warping that have significant
practical implications in sampling and reconstruction
of time-warped bandlimited functions. This paper ex-
amines some of these questions and presents some new
results on the preservation of bandlimitedness by non-
affine time warping.

1. Introduction

A bandlimited function f in L2(R) is one of the
form

f (t) =
1

2π

∫
Ω

−Ω

f̂ (ω)eiωt dω

where f ∈ L2(R) and 0 < Ω < ∞. A time-warped ban-
dlimited function h : R → C is defined by h = f ◦ γ

where f is bandlimited and γ : R→R. In [1], J.J. Clark
et al. observed that, if γ is invertible, the time-warped
bandlimited function h can be reconstructed from sam-
ples {h(tn) = h

(
γ−1(nT )

)
: n ∈ Z} where T = π/Ω

is the Nyquist interval for f . This follows immedi-
ately from the Shannon sampling theorem: h(tn) =
f
(
γ
(
γ−1(nT )

))
= f (nT ) are Nyquist samples of f so

that
f (t) = ∑

n∈Z
h(tn)φn(t)

with φn(t) = sinc
[
T−1(t−nT )

]
, where

sinc(x) =
sin(πx)

πx

Hence

h(t) = f (γ(t)) = ∑
n∈Z

h(tn)[φn ◦ γ](t) (1)

If γ is affine (i.e., γ(t) = at + b with a 6= 0), h is ban-
dlimited and the samples h(tn) are uniformly spaced. It
was noted in [2] that, if γ is not affine, h will gener-
ally not be bandlimited and the sampling times tn will
generally not be uniformly spaced. Thus, Clark’s obser-
vation provides a means for reconstructing certain non-
bandlimited functions from uniformly spaced samples.

Also in [2], it was conjectured that if f ◦ γ is ban-
dlimited with f bandlimited and γ continuous and bijec-
tive, then γ must be affine. One key ramification of this
conjecture is representational uniqueness. Suppose h =
f1 ◦ γ1 = f2 ◦ γ2 with f1 and f2 bandlimited and γ1 and
γ2 continuous and bijective. Then f1 = f2 ◦ (γ2 ◦ γ

−1
1 )

is bandlimited and hence γ2 ◦ γ
−1
1 is affine; i.e., the rep-

resentation of h as a time-warped bandlimited function
is unique up to an affine “factor” in the warping func-
tion. This provides hope for developing an implicit
sampling procedure for time-warped bandlimited func-
tions h = f ◦ γ in which f and γ (and thus the sampling
times tn and interpolation functions φn ◦ γ) are deduced
from the values of h. The veracity of the conjecture
would also imply some uniqueness results connecting
bandlimited functions and their values at the zero cross-
ing of their derivatives, without explicit reference to the
zero crossing times.

The conjecture was shown to be false with a coun-
terexample constructed by Y. Meyer in 1994, opening
questions regarding conditions under which a bandlim-
ited function f remains bandlimited after non-affine
time warping γ . This paper provides some results indi-
cating that the circumstances under which this can oc-
cur are rather specific and require specific combinations
of f and γ (i.e., there is no non-affine γ that preserves
bandlimitedness for all f ).

Before proceeding to describe Meyer’s example
(which is previously unpublished) and presenting the



main results of this paper, a few comments related to
the topic of time-warped signals are summarized below.

• Clark’s observation applies to any sampling theo-
rem of the form

f (t) = ∑
n∈Z

f (τn)φn(t)

to provide a reconstruction formula of the form (1)
with tn = γ−1(τn) for time warped functions.

• It has been noted [3] that Clark’s sampling result
for time-warped bandlimited functions is implied
by Kramer’s theorem [4]. More recently, sampling
formulae of the form (1) for time-warped Kramer
spaces have been observed to follow both from
Kramer’s theorem and from the reproducing ker-
nel Hilbert space structure of such spaces [5].

• Time-warped signals have received much recent
attention in the signal processing literature in
connection with numerous applications (see for
example,[6, 7, 8, 9, 10]).

2. Meyer’s Example

The following example, taken from [11], constructs
two bandlimited functions f1 and f2 such that f1 = f2◦γ

where γ is continuous and bijective, but not affine.

Example 1 (Meyer) 1 Start with

y1(t) =
sin8(t)

t7

which is an odd function on the line. Define

f1(t) =
∫

∞

t

sin8(x)
x7 dx

Then f1 is even, f1(0) > 0,

f ′1(t) =− sin8(t)
t7 ,

f1 is strictly decreasing on [0,∞), and f1 is strictly in-
creasing on (−∞,0]. Finally, multiply f1 by c > 0 in
order to achieve f1(0) = 1.

By starting with

y2(t) =
sin10(t)

t9

and doing the same, f2 is obtained such that f2(0) =
f1(0) = 1. The graph of f2 is similar to that of f1.
Both f1 and f2 are bandlimited functions. Indeed,

ŷ1(ω) = −i d
dω

ϕ(ω) where ϕ is a basic spline sup-
ported by [−8,8] and f̂1(ω) = ϕ ′(ω)/ω also supported
by [−8,8].

Finally γ(t) is defined on [0,∞) by γ(t) = u ⇔
f1(t) = f2(u), which is meaningful since f1 maps [0,∞)
onto (0,1] and f2 is 1-1 between [0,∞) and (0,1]. Now
γ is clearly a homeomorphism, γ(t) is extended to R
by γ(−t) = −γ(t) and the construction of the warping
function is complete.

In order to get a real analytic γ , one can start with
y1(t)+ y1(

√
2t) instead of y1(t).

3. Warping Functions that Preserve Ban-
dlimitedness

Faced with the failure of the general conjecture, it
is desirable to determine conditions under which preser-
vation of bandlimitedness is only achieved by affine
warping functions. The main result of this paper is the
following:

Corollary 1 If γ is continuous and invertible and f ◦ γ

is bandlimited for every bandlimited f , then γ is affine.

This establishes that preservation of bandlimitedness is
not a characteristic of the warping function except in the
affine case. The warping function γ in Meyer’s exam-
ple, for instance, preserves bandlimitedness when it is
used to warp f1. The Corollary implies that there exist
other bandlimited functions for which bandlimitedness
is not preserved when they are composed with this same
γ . The corollary follows from a result specific to time-
warped sinc functions:

Theorem 1 If sinc(γ(·)) and sinc(γ(·)−n), n 6= 0 ∈ Z
are bandlimited and γ : R→R is continuous and invert-
ible, then γ is affine.

The proof begins by extending γ to the complex plane.
Denoting F0(t) = sinc(γ(t)) and Fn(t) = sinc(γ(t)−n),
a straightforward calculation yields

Fn(t) = (−1)nF0(t)
γ(t)

γ(t)−n

Thus,

γ(t) =
nFn(t)

Fn(t)− (−1)nF0(t)
Since F0 and Fn are bandlimited by assumption, they
extend to entire functions and γ is seen to agree with a
meromorphic function Γ on the real line. The function
sinc is entire and hence is singular at infinity. Thus,
if ζ were a pole of Γ, F0 would also be singular at ζ .
Because F0 is entire, this cannot happen for finite ζ and
Γ is thus entire.



Having established that Γ is entire, it is now possi-
ble to apply classic growth results for compositions of
entire functions to establish that Γ is affine.

A theorem of G. Pólya [12] establishes that if a
composition Λ ◦Γ of entire functions is of finite order
[13] and the order of Λ is non-zero and finite, then Γ is
a polynomial. The order of the function sinc is exactly
one, so Γ is a polynomial.

It remains to establish that the degree of Γ is one.
For an arbitrary entire function G, denote MG(r) =
sup{|G(z)| : |z| ≤ r} for r≥ 0. A second result of Pólya,
also from [12], shows that if G = Λ◦Γ with Λ and Γ en-
tire and Γ(0) = 0, then there exists a constant c ∈ (0,1)
such that MG(r) ≥MΛ(cMΓ(r/2)) for all r > 0. In the
case at hand, Λ is a sinc function and Γ is a polynomial
of degree n ≥ 1. Since Γ is bijective on R, n must be
odd and Γ has exactly one real root, which can clearly
be assumed to be zero without loss of generality. If
n 6= 1, then n≥ 3 and |Γ(t)|> t2 for t sufficiently large.
Therefore MΓ(r) > r2 for all sufficiently large r. The
maximum modulus principle [14] implies that MΛ is a
monotone increasing function. Thus there is some c > 0
such that MG(r)≥MΛ(cMΓ(r/2)) > MΛ(cr2/4). Hence
the order of G is

ρG = limsup
r→∞

log logMG(r)
logr

> limsup
r→∞

log logMΛ(cr2/4)
logr

> limsup
r→∞

log logMΛ(r)
logr

= ρΛ

Since ρΛ = 1 and ρG ≤ 1, this cannot hold and the de-
gree of Γ is one, as desired.

Corollary 1 follows immediately: the same non-
affine γ cannot preserve the bandlimitedness of both F0
and Fn, let alone all bandlimited functions.

4. Series Representation

Because every bandlimited function f has a se-
ries representation in shifted sinc functions, every time-
warped bandlimited function g = f ◦ γ has such a series
representation in shifted time-warped sinc functions. If
γ is not affine, Theorem 1 implies that g has a series
expansion in which at most one term is bandlimited. In
this section, after giving a modified form of Theorem 1,
it will be shown that in fact g has a series expansion in
which no term is bandlimited.

Theorem 2 Let γ : R→R be continuous and invertible
and, for η ∈ R, denote

Fη(t) = sinc
(

γ(t)−ηT
T

)

If either of the following holds, then γ is affine.

(I) The three functions F0, F1/2, and Fα with α not
equal to zero or 1/2 are bandlimited.

(II) The two functions Fα and Fβ with α 6= β and α−
β ∈ Z are bandlimited.

As with Theorem 1, the proof requires extension of γ to
the complex plane. Considering Fη , η ∈ {0, 1

2 ,α,β},
and using sin(x − y) = sin(x)cos(y) − cos(x)sin(y)
yields

Fη(t)= F0(t)
γ(t)cos(πη)

γ(t)−ηT
+F1

2
(t)

(
γ(t)− 1

2 T
)

sin(πη)
γ(t)−ηT

Thus,

γ(t) =
αT sin(πβ )Fα (t)−βT sin(πα)Fβ (t)

Fα (t)sin(πβ )−Fβ (t)sin(πα)−F0(t)sinπ(β−α)

Note that the denominator and numerator in this expres-
sion cannot simultaneously vanish except possibly at
isolated points. Hence the rest of the proof follows from
Theorem 1 and that the function sinc(T−1(·)) is entire
with order one.

Theorem 2 implies that if any combination of two
distinct shifted sinc functions, as well as the unshifted
sinc function warp to bandlimited functions, then the
warping function has to be affine. Also, if two distinct
shifted sinc functions whose shifts are separated by an
integer warp to bandlimited functions, then γ has to be
affine. When this result is applied to standard series
representations for a time-warped bandlimited function,
it shows that g = f ◦ γ has a series expansion in which
no term is bandlimited.

For f bandlimited,

f (t) = ∑ f (nT )(F0 ◦ γ
−1)(t−nT )

= ∑ f (nT +T/2)(F1/2 ◦ γ
−1)(t−nT )

= ∑ f (nT +αT )(Fα ◦ γ
−1)(t−nT )

Hence every time-warped bandlimited function g = f ◦
γ has series representations

g(t) = ∑g(γ−1(nT ))F0(t−nT )

= ∑g(γ−1(nT +T/2))F1/2(t−nT )

= ∑g(γ−1(nT +αT )Fα(t−nT )

At least one of the above series has no bandlimited term,
otherwise γ would be affine by Theorem 2.

The point of arguing that a time-warped bandlim-
ited function has such a series representation in non-
bandlimited functions is to illustrate that preservation



of bandlimitedness under non-affine warping is a del-
icate property; it relies on cancelation of the terms of
the series outside the band and hence can be destroyed
by changing a single coefficient (sample value) in the
series expansion of f . A topological consequence of
this is that, if f and f ◦ γ are bandlimited with γ non-
affine, then every neighborhood of f contains bandlim-
ited functions whose bandlimitedness is not preserved
under warping by γ .

5. Conclusion

This paper has examined some basic questions
about conditions under which bandlimitedness is pre-
served by time warping. The main results show that,
although it is possible for bandlimitedness to be pre-
served under non-affine warping, that it is not possible
for a non-affine warping function to preserve bandlim-
itedness in general.

Ongoing research by the authors shows that the col-
lection of non-affine warping functions that can pre-
serve bandlimitedness for even a single bandlimited f is
small in certain rigorous senses. It is hoped that further
results in this direction will lead to recovery of some of
the promise of the original conjecture.
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