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Background
A three-day workshop to assess emerging roles for geometry in signal processing and machine
learning was held in Estes Park, Colorado, between October 12th and 15th, 2016. The workshop
was sponsored by the NSF Directorate for Computer and Information Science and Engineering
(CISE) and was organized by the authors of this report.
The purpose of the Estes Park Workshop was to assemble mathematicians, statisticians, and engineers to explore problems in signal processing and machine learning, within the purview of CISE,
that would be illuminated by a geometric view and be solved by methods of Riemannian, differential, symplectic, and algebraic geometry. The workshop was the latest in a sequence of workshops
convened by Dr. John Cozzens of NSF:
1. Keystone, CO, November 1991. Engineers and applied scientists assembled to review
future directions in wavelets, compression, and signal processing.
2. Pacific Grove, CA, November 1995. Mathematicians, statisticians, and engineers assembled after the Asilomar Conference on Signals and Systems to explore emerging ideas in
inference in large data sets.
3. Breckenridge, CO, March, 2007. Engineers and mathematicians assembled to explore
applications of differential geometry and algebraic topology to complex data analysis for
emerging applications.
4. Estes Park, CO, October 2016. Mathematicians, physicists, and engineers assembled to
explore the theory and application of geometry for signal processing and machine learning.
This report from the workshop clarifies how geometry enters naturally into signal processing and
machine learning, as a way to code for constraints. Then a representative set of new problems is
presented, as these serve as pulls on theory. A representative set of theoretical principles serves
to push new ideas into emerging problems. From these pushes and pulls, several themes emerged
from the workshop. These are reviewed, and followed by an account in case study format of
where geometry has had significant impact on signal processing and machine learning. The closing
section elaborates on the essential points of this document, and concludes with a recommendation
to the National Science Foundation to establish an Initiative in Geometry for Signal Processing and
Machine Learning. Information about the meeting structure and workshop participants is provided
in the appendix.
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Introduction

The mathematical foundations of modern signal processing and machine learning are harmonic
analysis, linear algebra, multivariate statistics, optimization, and probability. The view is largely
Euclidean, where measurements in a high-dimensional measurement space are mapped to features
in a low-dimensional feature space, for subsequent decision, control, or visualization.
A common assumption is that measurements are cardinal and that they share a common time
and/or space stamp for synchronization. The range of new problems presented by the internet,
massive sensor nets, computational intelligence, and autonomous control impel the community to
extend this corpus and to explore new mathematical frameworks for addressing these emerging
problems.
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How does Geometry Enter Signal Processing and Machine Learning?

Geometry enters signal processing, machine learning, and control whenever constraints are active,
either as measurement constraints or as modeling constraints. In signal processing and control,
modeling constraints are usually physically based, and these constraints are coded into an analysissynthesis model. In machine learning, constraints are often used to contruct predictive models with
a controllable number of parameters per measurement. The following examples are illustrative.
1. Linear spaces constrain mean values in first-order models, and covariances in second-order
factor analysis models.
2. Grassmannian manifolds constrain models to sets of competing subspaces of a fixed dimension, as in subspace detection.
3. Flag manifolds constrain competing models, or models of increasing resolution, to telescoping sequences of subspaces of increasing dimensions, as in multiresolution analysis and
hierarchical decision-making.
4. Schubert varieties impose intersection constraints on experimentally estimated subspaces,
for regularization of subspace averages.
5. Cones constrain covariance matrices in statistical inference based on second-order methods.
6. Convex sets arising from equality and inequality constraints determine feasible solutions in
model identification or predictive machine learning, as in structured matrix decompositions.
7. Nonlinear transformations map physical parameters into mathematical sets with known
topological structures that may then be used for visualization and classification.
8. Information geometry speaks to the scheduling of sensors, signal processing, and machine
learning under resource constraints to control mutual information, divergences, Fisher information, and related functions of probability distributions.
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9. Groups are used to characterize the geometry of symmetries and invariances of physical
and chemical systems, and to establish invariances in measurement and parameter spaces for
statistical inference.
10. Lie groups and homogeneous spaces describe control action under constraints in robotics,
and characterize admissible configurations in physical systems, chemical molecules, and biological structures.
11. Invariant measures are used to integrate on manifolds such as Stiefel and Grassmann, as
in moment calculations and marginalizations with respect to Haar measure.
12. Graphs and simplicial complexes are used for representation of relational dependencies
among algebraic or geometric objects, such as temporal and spatial relationships among data
sets.
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Problem Pulls and Theory Pushes

In a great number of fields of engineering and applied science the problem is to invert a signal,
image, or data set, acquired from a sensor suite, measurement program, or survey. To invert is to
identify the underlying field, object, or condition of state that produced the measurements. Certainly this describes the problem of identifying sources of information in signal intelligence, cyber
attackers in data networks, radiating sources in radar, sonar, and remote sensing, objects of interest
in CCTV records, and anomalies in medical images.
Much of the theory and many of the methods of signal processing and machine learning applied to
these problems are based on the enforcement of subspace constraints in a Euclidean measurement
space. Typically the methods are invariant to nonsingular linear transformations of measurements,
and to scalings and rotations of signals within subspaces. But they do not serve when the problem
is to detect and classify signals and images that have undergone more general impairments that may
be given a group structure. They do not serve when measurements or parameters that constrain
measurements are bound to a manifold.
New problems require new mathematical theory and methodology, and new mathematics suggests lines of attack on new problems. In the following subsections we outline pulls from problems
and pushes from theory that suggest new methodologies for solving new problems.

3.1

Problem Pulls from Emerging Applications

1. Attention and tracking in images to classify objects (for example vehicles, people, faces)
that change their location and articulation in a sequence of images. Invariant subspaces for
manifolds of images subjected to transformation groups. Kernel articulation manifolds and
optical flows for tracking in images.
2. Feature extraction as a problem in compression. Applies to classification, dictionary learning, and machine learning.
3. Detection in sensor networks for surveillance and control. Spacetime image processing for
detection and tracking. Applies to anomaly detection for cyber security, resource identification
in cognitive communication, and passive remote sensing.
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4. Invariant and equivariant image classification under variable illumination and pose.
Applies to face recognition and object classification.
5. Manifold learning for transforming high-dimensional data into low- dimensional sets, for
inference and classification. Geodesic metrics on manifolds for constructing neighborhoods
and decision boundaries.
6. Coherence analysis for measuring similarities in multi-channel and MIMO systems.
7. Performance analysis in parametric inference from compressed data, regularized inversions,
and non-smooth optimizations.
8. Uncertainty quantification for inference on nonlinear dynamical systems.
9. Generalized rate-distortion theory for control of complexity and distortion under geometric constraints.
10. Resource allocation in sensing, processing, and control, using principles of partially observed Markov decision processes, and approximate dynamic programming. Geometry of
submodular strings.
11. Characterization of configuration space in autonomous systems and in molecular chains.
12. Characterization of large data sets according to topological invariants, for visualization
and inference.
13. Computational linguistics for study of language evolution, acquisition, and storage. Phylogenic classification of languages based on geometry of syntactic parameters.
14. Analysis of ordinal data for ranking and comparative judgments, based on partial information.
15. Graphical signal processing for computing global network states and dependencies from
locally-computed statistics.
16. Quantification of temporal evolution in dynamical networks.

3.2

Theory Pushes from Geometry

1. Computational differential geometry for modeling large data sets. Manifold embeddings,
such as Isomap and local linear embedding.
2. Special groups to characterize reachable reference frames.
3. Riemannian, differential, symplectic, and algebraic geometries for modeling shapes
and drawing inference in constrained spaces. From extrinsic metrics to intrinsic (geodesic)
metrics on manifolds.
4. Optimization on manifolds for detection, estimation, and model identification.
5. Relationship between manifolds and statistical models for inference in passive sensor
networks and remote sensing.
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6. Use of Haar measure and geometric constraints for Bayesian inference in multi-channel
data sets, and integration on Stiefel and Grassmann manifolds.
7. From subspaces to flags to Schubert varieties for model identification at variable dimension.
8. Replacement of Euclidean features by geometrical objects such as orbits, subspaces, and
flags of subspaces, when these arise from invariance or equivariance arguments.
9. Persistent homology for topological classification in large data sets of disparate types.
10. Low-rank plus sparse decompositions for robust dimension reduction.
11. Comparison lemmas for estimating and bounding performance of non-smooth optimizations.
12. Information theoretic principles of source and channel coding for analyzing the
representation and compression of manifold-bound data and parameters.
13. Information geometry for resource allocation in sensing, processing, and control.
14. Shortest path algorithms as computational devices for approximating geodesics on a manifold.
15. Continuum limits for solving combinatorial optimization problems on graphs as geodesic
problems on manifolds.
16. Methods for non-metric multidimensional scaling (MDS) and low-dimensional embeddings for completing ordinal matrices from partial information.
17. Graph metrics for structural analysis of dynamical graphs.
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Emergent Themes

Several broad themes emerged from the Workshop: (1) a number of new and important problems
in signal processing and machine learning do not fit traditional methodologies; (2) there exists a
body of mathematical theory which, if widely disseminated and embraced, would equip engineers
and applied scientists with new methods for addressing these problems; (3) these new problems
will encourage the development of new theory and new computational methods in geometry; (4)
a review of case studies where geometry has already had an impact argues in favor of continued
successes for geometry. According to the dynamics of scientific development, the application of new
methods will bring better solutions and new insights. This will lead to deeper and more general
mathematical theory, and a broader range of applications for the theory.
1. Statistical signal processing beyond subspaces. Linear subspace models, and the corresponding linear subspace methods of signal processing and machine learning, have advanced
the state-of-the-art in a vast number of applications where sensing and inference are required
to invert measurements for information. But these models do not afford the tools required
to tease out geometric structure in measurements that occupy more general spaces, such as
smooth manifolds in high-dimensional ambient spaces.
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2. Statistical signal processing beyond subspaces, continued. A theory of measurement
and inference where prior physical models and posterior data models are fused into geometric
constraints, more general than linear subspace constraints, will expand the reach of signal
processing and machine learning. A resulting methodology comprised of geometrical principles and approaches, extending those of multivariate statistics, but not married to subspace
models, would impact engineering, applied science, biology, and social science. Among the
applications are tracking on manifolds such as SO(2) for phase tracking and on SO(3) for
tracking of images.
3. Geometrically-driven inference. Signal processing and machine learning under manifold
constraints on data or models raises the question of geometry for coding symmetries, invariances, and constraints in analysis and synthesis models, or in predictive models for which
there are no such constructs.
4. Geometrically-driven inference, continued. For signal processing and machine learning,
especially on large experimental data sets, multivariate statistical distributions and subspace
constraints do not fully characterize data and model dependencies. To what extent can geometrical reasoning augment and inform probabilistic reasoning? To what extent do tractable
manifold constraints model the physical or social mechanisms that generate measurements?
5. Geometrically-driven inference, continued. Attention to and tracking of objects in
stationary backgrounds is a geometrical problem reminiscent of subspace tracking. But now
the constraints are geometric, and new methods of analysis are required, based on algebraic
methods of matrix decomposition and geometric principles on manifolds of images.
6. Flag, Stiefel, and Grassmann manifolds; Schubert varieties. Order determination
speaks to model identification and dimension reduction. To what extent should the idea
of model identification be replaced with the idea of model family identification, in a style
reminiscent of Schubert varieties and multi-resolution analysis? The calculus of Schubert
varieties provides a framework for solving rate-distortion problems, wherein the problem is to
model data at variable dimension (rate) and variable distortion (some kind of metric). Fix the
distortion and minimize dimension or fix the dimension and minimize distortion. Flags and
varieties provide a framework for moving away from fixed order determination to modeling at
dimension, so that models may be fit to data at various dimensions and processed at various
dimensions for control of distortion.
7. Flag, Stiefel, and Grassmann Manifolds; Schubert Varieties, continued. In robotics
and machine vision, low-dimensional subspace constraints are replaced by low-dimensional
manifold constraints. When can these be known approximately from a physical model and
when are they to be deduced from measurements? How are they to be deduced, and what is
the impact of small data support on the quality of what can be learned and used?
8. Invariant measures. Invariance of probability models and related statistics under actions
of groups plays a central role in deducing optimal hypothesis tests and estimators in statistical signal processing and in analyzing their performance. When the group involved possesses
topological or geometric structure (e.g., a Lie group), the statistical problem inherits structure from its invariances. The essential characteristics of the data space, for example, are
embodied in its quotient by the action of the invariance group. Recent work in multi-channel
detection and estimation has demonstrated the value of this perspective in development and
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optimization of generalized coherence tests. It offers potential for broad new geometric insight
and methodology in statistical signal processing and machine learning.
9. Geometry and Conditional Probability Measures; Symplectic Geometry. Probability distributions conditioned on probability-zero events – e.g., random walks satisfying
topological constraints like closure – are important in models throughout biology and physics,
but sampling and analyzing them is a substantial challenge. Such distributions are implicitly
geometric, since conditioning on a probability-zero event only makes sense in the context of
something like Hausdorff measure on a Riemannian submanifold, but Riemannian techniques
often are not useful when the ambient state space is itself non-Euclidean. In this setting,
symplectic and algebraic geometry can provide both a theoretical framework and explicit
coordinates for sampling and numerical integration when, for example, the conditional state
space can be realized as a symplectic reduction or GIT quotient.
10. Geometric signal processing. The information content of nominally high-dimensional
data often defines a curved, low-dimensional manifold. The geometry of this manifold and
its intrinsic dimensionality and metric hold the key to extracting meaning from the data,
even in the presence of substantial noise and, for dynamical systems, timing uncertainty.
Mathematically rigorous dimensionality-reduction techniques now provide descriptions of data
manifolds in terms of the eigenfunctions of well-known operators evaluated with respect to
unknown, so-called induced metrics. Subject to general assumptions about the nature of the
operations giving rise to the intrinsic manifold, however, it is often possible to identify the
manifold metric. It is then possible to navigate purposefully on the intrinsic data manifold,
i.e., to produce any desired state of the system from any starting point. In this approach,
the intrinsic geometry of the data is used to extract information, even in the presence of
overwhelming noise and timing uncertainty.
11. Uncertainty quantification on manifolds. In Euclidean space with multivariate normal
measurements, quadratic measures of uncertainty lead to concentration ellipses as the geometric characterization of error concentration. It is a simple matter to compute volumes of
these ellipses. Is there a natural analog of a concentration ellipse on a manifold and, if so,
what is its shape and what is its volume? Generally, what do performance guarantees and
confidence intervals look like on manifolds? How is a manifold to be quantized, and how are
Voronoi cells to be computed?
12. Low-dimensional geometrical models. Despite the promise of low-dimensional geometrical models (such as manifolds) for image processing, computer vision, and machine learning
tasks, their utility has been hamstrung in practice by two fundamental challenges. First,
practical image manifolds are nonisometric to their underlying parameter space, while the
state-of-the-art manifold modeling and learning frameworks assume isometry. Second, practical image manifolds are strongly perturbed by nuisance parameters such as illumination
variations, occlusions, and clutter. Addressing these challenges requires the development of
new metrics and representations that are more appropriate for images in the wild. To address
the isometry challenge, for example, new distances, based on Optical Flow and the Earth
Mover’s Distance, are more natural metrics for inter-image distances than the standard Euclidean distance. These distances can be used to establish the isometry of manifolds generated
by translations and rotations of a reference image. To address the nuisance transformation
challenge, for example, an image representation based on local keypoint features can be used
to define a keypoint articulation manifold, whose low-dimensional structure is robust to a
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wide range of imaging transformations.
13. Information Theory and Stochastic Modeling on Lie Groups. Lie groups are a
mathematical object that bridge geometry and algebra, and are relevant in describing both
symmetries and configuration spaces of physical phenomena. Equipped with appropriate
concepts of Gaussian distribution, convolution, and Fourier transform, Lie groups have all of
the necessary components to extend information theory to physical domains. The interplay
between statistical mechanics, stochastic processes on Lie groups, and generalizations of ratedistortion theory are applicable to physical information channels that arise when studying
interacting robots and biomolecular docking and transcription problems.
14. Geometric embeddings of combinatorial optimization. One of the major roadblocks
to making scientific progress in solving grand challenge problems is the curse of dimensionality, This problem is especially acute in combinatorial optimization where the behavior of the
objective function under permutations and combinations has no obvious geometric structure.
Remarkably, smooth geometric structure emerges as one allows the domain dimension to grow
in many Euclidean combinatorial optimization problems including shortest path through a
similarity graph and multiobjective pattern matching. This geometric embedding can lead
to approximate solution of the combinatorial problem via solution of a simpler variational
continuous optimization problem. Further progress in this field could lead to general combinatorial solvers that utilize the considerable machinery available in scientific computing, e.g.,
general ordinary differential equation (ode) and partial differential equation (pde) solvers.
Grand challenge problems that could benefit from this research include: monitoring pandemics (path analysis on epidemic proximity graphs); energy and transportation (optimal
routing); and adaptive drug design (computing Pareto frontiers); to name just a few.
15. New measurement protocols and resulting data structures. Inference from cardinalvalued data in a spacetime data structure now gives way to inference from ordinal-valued
data on graphs. This is just one example of the data structures to be encountered in future
applications of signal processing and machine learning. This raises the question of geometrical
methods for organizing unstructured data and designing operators in a composite space of
multi-type data sets.
16. Topology for visualization and classification. The ability to characterize and quantify
recurrent structure in complex multi-scale time varying systems is fundamental in prediction
and control. This is specially so when the collected data is multi-modal – e.g. numerical
time series, video data, dynamic networks, etc – and there are no rigorous mathematical
models that faithfully describe the process at hand. A promising avenue toward addressing
this problem combines two approaches: (1) delay embeddings to reconstruct attractors in the
state space underlying the observed dynamics, and (2) leveraging tools from computational
topology – such as persistent homology – to quantify, determine and describe their topological
structure. The resulting topological summaries provide features which can be used in machine
learning frameworks for prediction, and the global description of attractors can be used as
input for the design of data-driven models.
17. Massive data, massive models, and machine learning. With massive data comes the
flexibility to identify massive parameters in massive predictive models. The extent to which
deep learning constructs classifiers from complex training data is the extent to which massive
parameters in massive models organize data into disjoint geometrical sets. The understanding
of these sets and their construction is a problem in topology, geometry, and statistics.
8

18. Massive data, massive models, and machine learning, continued. Massive data
sets serve as Monte Carlo simulations that can be used to solve combinatorial optimization
problems. For example, a massive data set can serve as a Monte Carlo simulation of value-togo in partially observed Markov decision processes that compute optimal policies for resource
allocation and decision-making.
19. Inference from sets of ordinal data. The problem of finding Euclidean embeddings that
respect ordinal rankings is a variation on multidimensional scaling. A complication is that
matrices of ordinal data must be completed from partial orderings among subsets of the data,
suggesting a connection with algebraic geometry.
20. Graphs and simplicial complexes. Graphs are the natural mathematical structures for
modeling and analyzing networks. Simplicial complexes generalize graphs in ways that allow
for modeling dependencies among sets of more than two nodes.
21. Analysis of dynamical graphs. Dynamic graphs provide abstract models to describe
interaction processes between agents and time evolution of dynamical networks. For instance,
such graphs can be used to analyze financial market networks, or quantify functional brain
connectivity. The detection of such networks depends on the estimation of the coupling
between the time-series that quantify the activity of the abstract agents (e.g., stocks, brain
regions, etc.). The final stage of the analysis involves the inference of the graph that underpin
the interaction processes. At this juncture, the practitioner (data analyst) is faced with
the unpleasant surprise that existing tractable graph models (e.g., preferential attachment,
exponential random graphs, stochastic block models, graphons, etc) – which lead to statistical
inference – cannot replicate features of real-life networks. There is a pressing need to develop
novel realistic graph models and the associated inferential methods. This raises the question
of metrics for measuring the similarity of graphs in a sequence, and of designing algorithms
for real-time computation.
22. Computational geometry for engineers and applied scientists. Calculus on manifolds
is understood. But how well developed is the pedagogical framework for teaching modern geometry to engineers and applied scientists? How well-developed is the computational toolkit,
especially in the context of integration, optimization, model identification, tracking, and
Bayesian inference, under manifold constraints?
23. Computational geometry for engineers and applied scientists, continued. Modern
graduate education in signal processing, machine learning, and control should include differential manifolds, Lie Groups and Riemannian Geometry. Our consensus is that a course should
be developed jointly with mathematicians and engineers to ensure that essential abstract
theory and computational methods make contact with physics and engineering.

5

Case Studies: Recent Advances and Open Problems in Geometry for Signal Processing and Machine Learning

There have been many triumphs for geometry in Signal Processing and Machine Learning. A number of these exploit the connection between graph theory and differential geometry. But it is fair
to say that the connection between differential geometry and algorithm development remains in its
infancy. As a consequence, geometry remains to be developed in the context of new and big and
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noisy data sets, where apparently high-dimensional measurements are actually constrained to lowdimensional manifolds. The problem is then to use experimental data to resolve the manifold into
its tangent and normal bundles, compute its curvatures, approximate Laplace-Beltrami operators,
use the identified manifold as a constraint set for inference, etc. Then algorithms become principled
devices for adaptive detection, estimation, classification, and tracking under the constraints of the
manifold.
In the paragraphs to follow, we outline a few of the outstanding successes to date of geometry
for signal processing and machine learning. These portend a promising future for an initiative
in Geometry in Signal Processing and Machine Learning that would build upon these sucesses
and extend them to new domains of application. No comprehensive account of the literature is
warranted in a document like this, so we constrain our references to a few seminal contributions,
and a few recent results that appear to hold great promise.

5.1

From PCA and MDS to Nonlinear Dimensionality Reduction: ISOMAP,
eigenmaps, LLE, and geometric diffusions for manifold learning.

• Background and motivation. The problem of manifold learning is to extract a low-dimensional
set that accounts for most measurements in a high-dimensional ambient space, and to parameterize this set, itself a manifold, in sucn a way that measurements may be classified,
or sequences of measurements may be formed into tracks. Principle components analysis
(PCA), perhaps extended to kernelized functions of data, allows the data analyst to fit lowdimensional subspace models to data. Multi-dimensional scaling, first initiated in [33], [14],
and subsequently extended in [24] and elsewhere, is a theory for extracting configurations
from dissimilarity matrices which are Euclidean. These two methodolgies are the mainstays
of analyses which aim to identify low-dimensional linear spaces and their configuration points
within these linear spaces. ISOMAP, LLE, eigenmaps, and geometric diffusions [3], [4], [6],
[12], [13], [39] extend these ideas to manifold learning, often by exploiting the connection
between graphs and manifolds.
• A geometric theory. The essential problem is to identify a low-dimensional manifold that
accounts for measurements in a high-dimensional ambient space. One of the first problems
to be solved is the problem of determining intrinsic distance between distant points on a
manifold, which appear to be neighboring points in the measurement space [39]. For distant
points, geodesic distance can be approximated by adding up a sequence of short hops between neighboring points. These approximations are computed efficiently by finding shortest
paths in a graph with edges connecting neighboring data points. Once geodesic distances
are estimated, a distance matrix may be decomposed using MDS, which returns a basis for
a low-dimensional manifold. The theory of ISOMAP is an imaginative admixture of local
neighborhood analysis in a linear space to estimate a distance matrix of intrinsic distances
on a manifold, followed by MDS.
In contrast, local linear imbedding (LLE) [31] argues for the use of local measurements as a
basis for the tangent space at another measurement, suggesting that the manifold is modeled
as exactly flat, with its tangent space spanned by K nearest neighbors of a given measurement. Then the measurement is approximated as a linear combination of neighbors. The
weights should serve on the manifold, as well as they do for the putative tangent space. So lo10

cal coordinates of the manifold are found locally by solvng for a set of K vectors of dimension
d that would be well approximated by these same weights. These ideas have been extended,
clarified, and connected to the spectral theory of graphs, by [3], [4], [6], [12], [13].
A key geometric idea in these references is that, “... under certain conditions, the graph
Laplacian of a point cloud converges to the Laplace-Beltrami operator on the underlying
manifold,” [3], [4]. The work of [3], [4], [12], [13] establishes a fundamental link between
the Graph Laplacian, the Laplace-Beltrami operator and diffusion maps. A close connection between the geometric theory of manifold learning and adaptive inference on learned
manifolds remains to be developed. There remains the question of manifold learning from
noisy data. Noise may perturb measurements in the manifold, or it may perturb measurements in the ambient space. Both types of perturbations raise the question of distributions in
high-dimensional ambient spaces, or on special manifolds such as the Grassmann and Steifel
manifolds.
• Applications. The theory and methodology of manifold learning has been applied widely to
object recognition under conditions of coordinate transformation and variable illuminations,
and to word clustering based on word counts in common articles. It remains a cornerstone of
machine learning. When more closely coupled with inference, manifold learning becomes the
adaptive step in adaptive manifold inference.

5.2

Darboux Frames and Various Curvatures from Second Order Covariances,
Computed Locally

• Background and motivation. It is not too hyperbolic to say that a large body of theory and
method in multivariate analysis and statistical signal processing consists in testing hypotheses
about experimentally estimated covariance. In some cases this covariance is used to extract
a first-order model. This basic idea is central to PCA, MDS, and null hypothesis testing,
and it extends to factor analysis for detection and estimation. So the natural question is, ”to
what extent can second-order covariance analysis be extended to measurements which are
known, or hypothesized, to be bound to a manifold?” This is a fundamental question in the
application of geometry to signal processing and machine learning.
• A geometric theory. Let us say signal processing on manifolds consists of representing a manifold by its tangent and normal bundles. When the manifold is a linear subspace of C n , the
bundles contain just one r-dimensional tangent space and one (n − r)-dimensional normal
space. In this case these subspaces are identified with variations on principal component
analysis, canonical correlation analysis, and factor analysis, based on a second-order sample
covariance matrix. Perhaps second-order covariance can be computed locally on a Riemannian
manifold, and used to extract local (Darboux) frames for the tangent and normal spaces, and
estimate Gauss, Ricci, sectional, and scalar curvatures. The recent work of [42], extending
and modifying the work of [8], and [35] gives formulas for decomposing covariance at a point p
on a manifold Mr (n) into local and global components. The local component codes for local
tangent and normal spaces, and provides a Darboux frame for the tangent space. The global
component codes for curvature. The key idea is to compute covariance over the intersection
of a cylinder of radius , aligned perpendicular to the tangent space Tp M . This covariance
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matrix is a function of even powers of . Terms that scale with 2 determine local subspaces
and those that scale with 4 determine curvature. The applications for these theoretical results are manifold: (1) at a resolution determined by , a sampling theory based on curvature
may be derived; (2) local tangent spaces determine local subspace detection and estimation;
(3) local curvature determines geodesic moves for tracking subspaces; (4) local and global
decompositions determine performance bounds for manifold-bound parameters [36], [37].
In summary, the insight here is that first-order modeling, based on second-order statistics,
carries over to Riemannian manifolds. The key mathematical idea is that a flag of covariances,
indexed by cylinder radius , may be used to decompose covariance into local and global components, one of which codes for local subspaces, and one of which codes for curvature. Call
this the metrology of manifold learning.
• Applications. This theory is so broad in its implications that it offers the basis for turning information geometry, as founded by Amari [2] on the original principles of Rao, into a
statistical theory where experimental data is analyzed for its information geometry. In this
application, the Fisher matrix is learned locally for non-Gaussian data, parameterized by
manifold-bound parameters, even when the bounding manifold is unknown. Once a tangent
bundle and normal bundle are determined, all the pieces are in place for adaptive signal processing on manifolds.

5.3

Optimization on Manifolds

• Background and motivation. Optimization in Euclidean space [9] is a well-developed, but
still active field of applied mathematics, science, and engineering. The theory of convexity
[30] and convex optimization [7] has produced new theory and standard methodology and
algorithms for convex optimization. The work of [15], [27], [28] addresses the problem of
optimization under manifold constraints. When the constraining manifold is a Lie Group,
then optimization may be embedded in the corresponding Lie Algebra, as developed in [28].
• A geometric theory. Abstractly, optimization under orthogonality constraints [15] is a problem
of designing gradient algorithms on locally updated tangent spaces, and in some cases this
problem may be re-formulated as a problem of optimization on a Lie Algebra, such as the
algebra of skew-symmetric matrices. But more generally, the problem of optimization on
manifolds applies to the generalization of subspace tracking to manifold tracking. As in
subspace tracking, where allowance is made for updating and downdating of model order, there
is a need for a geometric theory of manifold tracking that allows for updating and downdating
of manifold dimension. It is expected that the further development of the geometric theory of
optimization on manifolds will produce algorithms and software that is matched to manifold
optimization in the same way that numerical linear algebra and Euclidean optimization codes
are matched to linear models.
• Applications. Applications for optimization on manifolds extend to basis and subspace identification in Grassmann and Stiefel manifolds, to manifold tracking, to tracking on Lie Groups.
An example of the latter is estimation on SO(n), as in tracking of frequency and wavenumber
in communications, radar, and remote sensing. In [28] optimization on a Lie group has been
applied with success to independent component analysis (ICA).
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5.4

The geometry of imaging: 3-D images from 2-D projections

• Background and motivation. The work of [19] puts forward a general geometric theory for
reconstructing 3-D scattering scenes from a series of their 2-D projections (snapshots), as the
3-D scene undergoes unknown rotational transformations. Each snapshot is represented by
a vector of pixel intensities recorded by a 2-D detector. The collection of snapshots forms a
point cloud that lies on a low-dimensional manifold embedded in a high-dimensional Euclidean
space. In order to determine the rotation connecting any pair of snapshots, one needs to relate
the metric of the data manifold produced by the collection of snapshots to the metric of the
manifold of rotations.
The work of [19] shows that the metric of the data manifold can be decomposed into two parts,
an object-agnostic part with high symmetry, and an object-specific residual part with low
symmetry. Using results from the throry of Lie groups, [19] shows that the eigenfunctions of
the Laplacian associated with the high-symmetry part are directly related to those associated
with the natural metric of the manifold of rotations, and the elements of the unknown rotation
matrix can be expressed as linear combinations of These eigenfunction can be approximated
directly from the data snapshots at low computational complexity,.
• A geometric theory. The basic principle of the approach of [19] is that the data acquisition
process can be described as a manifold embedding Φ that maps the set of orientations of the
object to the Hilbert space H of snapshots on the detector plane. As a result, the differentialgeometric properties of the rotation group, SO(3), formally carry over to the scattering
dataset.
The natural metric h0 for SO(3) is the metric tensor associated with the Killing form of the
Lie algebra of SO(3). This metric is bi-invariant under the so-called left and right multiplication maps that act on SO(3), making (H, h0 ) a Riemannian homogeneous space. The
corresponding group of isometries has SO(3) × SO(3) structure. A key consequence of the
symmetries of this metric is that the eigenfunctions of its Laplace-Beltrami operator (Laplacian) are the Wigner D-functions, which can be parameterized in terms of Euler angles. Nine
of these eigenfunctions can be put into one-to-one correspondence with the elements of the
rotation matrix that we wish to estimate. In particular, the elements of the rotation matrix
can be expressed as a linear combination of these eigenfunctions. Thus, if eigenfunctions of
the Laplace-Beltrami operator associated with h0 could be computed directly from the observed snapshots on the data manifold, the representation for the rotation could be used to
invert for the embedding map Φ, by fitting the eigenfunctions computed from the data to the
Wigner D-functions.
Discrete approximations of Laplacian eigenfunctions, directly from the data, can be obtained using computationally efficient graph-theoretic algorithms involving diffusion maps
[3],[4],[12],[13]. However, these algorithms do not provide the eigenfunctions of the Laplacian associated with the natural metric h0 . Rather they provide the eigenfunctions of the
Laplacian for an induced metric g (associated with the embedding Φ), which in general is not
invariant under arbitrary left or right multiplication maps.
The breakthrough result of [19] is to show that the induced metric g can be decomposed into a
homogeneous part h that has SO(2)×SO(3) symmetry and is independent of the object, plus a
low-symmetry residual part w, which depends on the object. Moreover, the homogeneous part
of g corresponds to a well-known solution of general relativity (the so-called Taub solution),
which has the important property that it preserves the Wigner D-functions as solutions of
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the Laplacian eigenvalue problem. This result argues for using the leading eigenfunctions of
the Laplace-Beltrami operator associated with the induced metric g (which can be obtained
from the data snapshots using graph-theoretic algorithms of [12] and [13]) as approximations
to the eigenfunctions of the Laplace-Beltrami operator associated with homogenous metric h,
i.e., the Wigner D-functions. Fitting these approximations to the Wigner D-functions (which
are parameterized by Euler angles) will identify the unknown rotation.
• Applications. The versatility of the geometric theory outlined above is demonstrated in [34],
where the theory has been applied for reconstructing three-dimensional structures in X-ray
diffraction and cryo-electron microscopy at low dosage and for recovering timing information
in time-resolved experiments from random snapshots of dynamically evolving systems at low
signal-to-noise ratios (SNRs). In particular, [34] demonstrates 3-D structure recovery from
radiation-sensitive objects at doses at least an order of magnitude below previously established
levels (SNR of −16 dB), and reconstruction of the temporal order of snapshots at per snapshot
SNR values as low as −21 dB.

5.5

Detection, estimation, and tracking under manifold constraints, with application to pose-invariant tracking of objects in images and image sequences

• Background and Motivation. It is known from the work or [19], [34] that 2-D imaging of
3-D scenes may be given a group structure. The work of [17], [18] shows that fun-house
mirror images may be represented by a finite-dimensional coordinate transformation, which
determines an orbit or manifold of finite dimension. A basic scene, imaged under coordinate
transformation, determines a finite-dimensional manifold unique to that scene. A sequence
of functionals of the image produces a basis for a corresponding finite-dimensional subspace.
Remarkably, the subspace is invariant to fun-house transformation, and the basis codes for the
transformation. So detection of an image is, for example, invariant to translation, rotation,
magnification, and so on. The basis of the subspace may be inverted for the image transformation. The fundamental idea is that a subspace, and not its basis, becomes the defining
statistic for classification. This stands in contrast to standard methodolgies for multivariate
analysis and subspace signal processing, where the basis is the statistic. As a consequence,
all inference questions are posed on a Grassmannian manifold, where Veronoi regions on a
manifold determine classification boundaries.
• A geometric theory. So the flow of ideas is this [17]: (1) an object is defined in an ambient
space of large dimension; (2) this object and its infinity of versions under radiometric and geometric distortions determines an orbit or manifold of images under a transformation group;
(3) a sequence of nonlinear maps returns a feature vector, which is in fact a subspace ; (4) the
inference problem is then to detect and classify on a Grassmannian of subspaces of an ambient
Euclidean space. The dimension of the ambient space is determined by dimensionality of the
nonlinear maps. Each object type is represented by an invariant subspace, invariant to geometric and radiometric transformation. The intrinsic distance between a computed subspace
and a candidate subspace on a Grassmanian serves as the classification statistic. The coordinate transformation from one basis of the subspace to another basis for the same subspace
serves as the tracking statistic, as it codes for the parameters of the geometric deformation
as the object works its way through a sequence of images.
Globally, fun-house coordinate transformations lead to high-dimensional subspaces as models
for a given object under transformation. Locally, the subspace model is low dimensional. So,
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a sampling theory is needed, wherein way points on a global orbit are used to approximate a
global geometric deformation by a sequence of local lower-dimensional deformations. In the
simplest case these may be affine. In other words, the sampling theory would address the
question of replacing a global orbit, with its corresponding high-dimensional subspace, with
a sequence of local orbits, each with a low-dimensional subspace for its corresponding affine
approximation. The object representation at each way point is determined by averaging subspaces that correspond to observations local to a viewing perspective, to return a subspace of
optimal dimension that best approximates the data. The question of subspace averaging has
been addressed in [25] and extended in [32]. The extension has produced an automatic fitting
rule for dimension of the average subspace. The theory of subspace averaging has recently
been extended to constrained subspace averaging, wherein the average subspace matches a
regularizing subspace in one or more dimensions. This is a geometric story in Schubert varieties, a story which generalizes the singular value decomposition (SVD) by constraining the
returned subspace to match prescribed coordinates of a regularizing subspace.
Such a geometry for signal processing and machine learning would extend what is known
about matched and adaptive subspace detectors to a theory of matched manifold detectors.
This would require the design of embeddings that embed signals into manifolds, where objects like linear spaces become statistics for detecting and classifying on the basis of intrinsic
distance between points on the manifold. Under a transformation group, the point remains
an invariant representation of a signal.
Applications. Matched and adaptive subspace detectors have had an important impact on
statistical signal processing. They are maximum likelihood, and uniformly most powerful invariant. Their virtue lies in their invariance to transformation groups that model scalings and
subspace rotations. But their limitation is that they do not address more general impairments,
modeled by transformation groups that code for geometric and radiometric transformations.
The geometric theory outlined in the previous paragraph would address these limitations by
extending matched subspace signal processing to matched manifold signal processing, where
invariances to radiometric, geometric, and more general transformation groups are enforced.
The applications are to dynamical scene analysis, and to anomaly classification in medical
images.

5.6

Measure and integration on manifolds with application to detection and
estimation

• Background and motivation. Problems of detection and estimation invariably confront the
problem of nuisance parameters. There are at least three competing approaches: (1) the
use of ordinary or generalized likelihood to replace nuisance parameters by their maximum
likelihood estimates, (2) reduction by invariance to expose maximal invariants, followed by an
application of Wijsman’s Theorem [43], [44] to derive the likelihood ratio of these invariants,
and (3) Bayesian marginalization with respect to non-informative priors that are uniform
with respect to Haar measure. The first two alternatives are far better developed than the
third, which requires integration on special manifolds, as in [20], [21].
• A geometric theory. Invariance of probability models and related statistics under actions of
groups plays a central role in deducing hypothesis tests and estimators in statistical signal
processing and in analyzing their performance. When the group involved possesses topological
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or geometric structure (e.g., a Lie group), the statistical problem inherits structure from its
invariances. The essential characteristics of the data space, for example, are embodied in
its quotient by the action of the invariance group. Bayesian marginalization with respect to
nuisance parameters then reduces to a problem of integrating with respect to Haar measure
on a manifold such as the Grassmanian (in the case of unknown subspaces) or a compact
Stiefel manifold (in the case of unknown spacetime transmissions).
• Applications. So far these ideas have been applied to multi-channel coherence and to Bayesian
detection for passive radar [20], [21]. But the use of non-informative priors on unknown parameters offers an alternative to generalized likelihood detection when there are unknown
nuisance parameters to which one would like to be invariant. So the Bayesian theory for
marginalizing the joint distribution of measurements and parameters, with respect to parameters whose prior distributions are uniform with respect to Haar measure, offers potential for
new geometric insight and methodology in statistical signal processing and machine learning.

5.7

Second-order perturbations, modal analysis, and the geometry of the Grassmanian.

• Background and motivation. Modal analysis of spacetime fields aims to identify modes of
oscillation and directions of arrival for propagating fields. Its domains of application are
vibration analysis, radar, sonar, geophysics, remote sensing, and radio astronomy.
The problem of modal analysis is distinguished from unconstrained subspace identification
by the parameterization of the subspace by frequencies and wavenumbers, each bound to
(0, 2π]. Least squares and maximum likelihood methods of identification lead to intractable,
non-convex, optimization problems. So the standard methodology has been to replace a
data matrix by its SVD (a linear algebraic idea) and then use variations on linear prediction
(another linear algebraic idea) to extract frequencies and wavenumbers from a ”noise-cleaned”
data matrix.
• A geometric theory. The recent geometric analysis of Palka [26] and Vaccaro [41] of the Grassmannian structure of the modal analysis problem has determined that the SVD is optimum
up to a second-order perturbation for approximating the underlying noise-free signal component of a noisy data matrix. But the real surprise is that a geometric analysis showed for the
first time how the dominant and subdominant components of the SVD were to be used for
subsequent identification of modes. Rather than discard the subdominant components of the
SVD as if they carried no information about the frequency-wavenumber modes (the standard
linear algebraic methodology), the geometry of the Grassmanian and its related second-order
perturbation analysis give explicit formulas for retaining and weighting sub-dominant modes.
The impact on detection and localization of radiating sources has been dramatic, extending
performance thresholds, and resolving closely-spaced point sources not previously resolvable.
The idea that the geometry of a manifold informs perturbation analysis has yet to be explored
for other inverse problems.
If X ∈ C L×M is a measured data matrix with SVD FKG, then the new result of [26], [41] is
that the subspace of dimension r nearest in intrinsic distance on the Grassmanian of dimension
r is spanned by the basis Fr + K−1 ZFL−r . Geometric reasoning determines the computation
of the matrix Z. This subspace is rotationally invariant to first-order. No previous result has
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ever argued for the use of the sub-dominant subspace FL−r . This new subspace basis is now
used for detection, tracking, beamforming, and so on.
• Applications. The recent results of [26], [41] will impact every domain of application where
the problem is to identify oscillating modes of a time series or space series. The extension
to space-time series remains to be developed. The obvious applications are to space-time
imaging of radiating fields, as in radar, sonar, remote sensing, and radio astronomy. But
whenever there is a constraining manifold for measurements or parameters, there is a problem
of local modeling, where perturbation analysis applies. This perturbation analysis, informed
by manifold geometry, determines a local approximation to the manifold.

5.8

Tracking on Lie Groups

• Background and motivation. Estimating the state of a dynamical system is a well-studied
problem in connection with numerous applications. When the state space is Rn and the
dynamical and measurement models are linear with gaussian noise, the Kalman/KalmanBucy filter provides an elegant solution that incorporates new measurements into the state
estimate in a way that is computationally efficient and optimal is several estimation-theoretic
senses. Due to both its mathematical elegance and ubiquity of applications, the Kalman filter
is considered by many to be one of the most significant algorithmic advances of the last half
of the twentieth century. Many variants have been introduced in seeking to carry forward
its efficacy to situations characterized by weaker assumptions, but (although widely used in
practice) these generally lack both the mathematical elegance and the optimality guarantees
on the original algorithm.
In many important dynamical estimation applications, including for example robotics and
tracking of space debris, the natural state space is not Rn , but is rather a nonlinear smooth
manifold, often with algebraic structure (e.g., a Lie group or homogeneous space) in addition to its locally euclidean characteristics. Dynamical systems evolving on such spaces are
intrinsically nonlinear.
• A geometric theory. Modeling stochastic dynamical systems on nonlinear manifolds entails
development of suitable probability measures as well as dynamical equations. Although there
may exist maximum entropy probablity measures on these spaces that play a role analogous
to the gaussian distribution on Rn , the maximum-entropy form is seldom preserved under
propagation by the system dynamics; a state estimate posterior to a measurement can be taken
as the maximum-entropy distribution on the state space whose parameters (e.g., moments,
expected loss, etc.) match those of the actual posterior distribution, thus retaining state
estimates that are always in the class of maximum-entropy distributions on the manifold.
Determining representations of the probability laws (e.g., in some choice of coordinate atlas
on the state space) in which the propagation of parameters under the dynamical model and
re-mapping into the maximum-entropy class are parsimoniously expressed may be aided by
the group structure of (or acting transitively on) the state space.
• Applications. Recent work [38] has developed this perspective for iterative estimation of the
state of a dynamical system evolving on SO(3) where the maximum-entropy distributions
corresponding to a given “mean” matrix are von Mises-Fisher matrix distributions. It also
points to obvious extensions to the euclidean group. The result of this work is a “tracker”
for object orientation that appears to achieve an unprecedented combination of fidelity and
computational efficiency. The primary application of interest in this work was navigation,
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though the compact SO(3) and non-compact euclidean group state spaces are of broad interest
in robotics and space systems. Possibilities of extending this geometric-statistical approach
to other manifolds modeling other applications are open for research.

5.9

Multi-channel coherence for detection and source localization

• Background and motivation. There is now great interest in passive tracking from networks of
accelerometers, acoustic sensors, radar antennas, and so on. The basic problem is to form an
image of source locations that can account for multi-channel coherence between time series
measured in a field of co-located or distributed sensors. Functions of multi-channel coherence
serve as one-dimensional ambiguity surfaces in a volume indexed by time, frequency, and
wavenumber. Virtually nothing is known about the geometry of this ambiguity surface for
complex source geometries.
Multi-channel coherence, as introduced in [11], is fundamentally a geometric principle for
detecting linear dependence between measurements at a co-located or distributed array of
sensors. The basic principle has been extended to multi-channel time series, and this extension
has led to a principled definition of multi-channel spectral coherence [29]. The use of multichannel coherence for acoustic source localization using a microphone array has been described
in [5]. The invariances and null distribution of multi-channel coherence are well understood
[11], but the geometry of its level curves has not been investigated.
• A geometric theory. The geometry of multi-channel coherence is understood, to the extent
that its invariances are understood. But, when coupled with synchronization and complex
modulation in frequency and wavenumber, multi-channel coherence is a statistic that maps a
frequency-wavenumber-delay space to the real numbers. Its performance will not be fully understood until its level curves are better understood, and this is a question in geometry. This
abstract geometry will, in turn, determine the array geometries that promote high resolution
of radiating sources. This question of resolution bears on the question of related statistical
measures, such as Kullback-Leibler Divergence, for resolving probabilistic measures of separation between hypotheses. How well does multi-channel coherence preserve KL Divergence?
How does multi-channel coherence compare with ad-hoc methods that compute level curves
for pairwise uses of sensors. These are geometric questions.
• Applications. Multi-channel coherence is the correct geometric principle for passive imaging
in radar, sonar, geophysics, and remote sensing. But it remains to be coupled with delay
and complex modulation to form a multi-channel ambiguity surface. It remains to be applied
to the coherence analysis of internet traffic recorded at routers, where coherences are to be
classified as benign or malignant.

6

Conclusions

Multivariate analysis, and the corresponding subspace methods of signal processing and machine
learning, have advanced the state-of-the-art in a vast number of applications. This theory and its
applications form the basis of principal component analysis, canonical correlation analysis, factor
analysis, and subspace signal processing. These, in turn, are the foundations for model-based
inference, where the problem is to distinguish information-bearing signals from interference and
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sensor noise. But subspace models do not afford the tools required to tease out geometric structure
in measurements that occupy more general spaces, such as convex cones, Stiefel manifolds and
Grassmanian manifolds.
Moreover, the aims of subspace methods are typically to distinguish signals from interference
and sensor noise. Extant and emerging problems in signal processing, machine learning, and big
data analytics present different challenges, because the major variabilities are no longer interference
and sensor noise, but rather unknown variabilities of data collection and geometric transformations
due to deformations of objects. In many cases these variabilities may be given a group structure,
where a transformation group codes for variability. High-dimensional data and low-dimensional
parameterizations are manifold-bound, and the structure of these manifolds is unknown. When
a probabilistic parameterization is appropriate there remains the problem of identifying the probability law, estimating performance bounds, and deriving detection and estimation algorithms in
support of classification, tracking, and predictive analytics.

Recommended Initiative. With the advent of the internet, social media, big-data, massive sensor nets, cybersecurity, computational intelligence, and autonomous control, the time is propitious
to revisit the mathematical foundations of signal processing and machine learning. Based on the
outcomes of this workshop, we conclude that geometry should be central to these foundations. An
NSF-funded Center or Institute for the study and application of Geometry in Signal Processing and
Machine Learning would advance our understanding of emerging problems of national significance.
Intellectual merit. The intellectual merit of the proposed initiative may be defined by its protoand meta-objectives. The proto-objective is to identify and solve geometric problems of detection,
estimation, tracking, clustering, and classification, as they arise in physics, chemistry, and biology;
in radar, sonar, geophysics and remote sensing; in image processing; in big data and predictive
analytics. These problems are geometric by virtue of data and parameter constraints and by virtue
of symmetries and invariances that are imposed on admissable solutions. The meta-objective is to
develop a geometric theory of signal processing and machine learning that is as broad in its scope
and as precise in its methodologies as multivariate analysis and subspace signal processing . Such a
theory will augment statistical reasoning with geometrical reasoning, and bring new mathematical
methods into play. It will address in a rigorous way the processing of signals and data sets that
are constrained to manifolds, or whose underlying parameters are so constrained. It is anticipated
that the geometry of signal processing and machine learning will illuminate the vices and virtues
of existing algorithms and lead to improved algorithms with definable attributes or optimalities.
It will open up to analysis and design problems in signal, image, and data analysis previously
inaccessible to subspace methods. It will encourage development of numerical methods that are
matched to analysis on manifolds in the same way that numerical linear algebra is matched to
subspace methods.
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Appendix 1: Contributed Paragraphs
Prof. Richard Baraniuk: Exploiting signal geometry in the wild. Despite the promise
of low-dimensional geometrical models (such as manifolds) for image processing, computer vision,
and machine learning tasks, their utility has been hamstrung in practice by two fundamental challenges. First, practical image manifolds are nonisometric to their underlying parameter space, while
the state-of-the-art manifold modeling and learning frameworks assume isometry. Second, practical image manifolds are strongly perturbed by nuisance parameters such as illumination variations,
occlusions, and clutter. Addressing these challenges requires the development of new metrics and
representations that are more appropriate for images in the wild. To address the isometry challenge, for example, we have shown that new distances based on Optical Flow and the Earth Mover’s
Distance are more natural metrics for inter-image distances than the standard Euclidean distance.
We have applied these distances to establish the isometry of manifolds generated by translations
and rotations of a reference image. To address the nuisance transformation challenge, for example,
we have developed an image representation based on local keypoint features and used it to define
a new keypoint articulation manifold whose low-dimensional structure is robust to a wide range of
imaging transformations.
Prof. Greg Chirikjian: Information Theory and Stochastic Modeling on Lie Groups.
Lie groups are a mathematical object that bridge geometry and algebra, and are relevant in describing both symmetries and configuration spaces of physical phenomena. Equipped with appropriate
concepts of Gaussian distribution, convolution, and Fourier transform, Lie groups have all of the
necessary components to extend information theory to physical domains. The interplay between
statistical mechanics, stochastic processes on Lie groups, and generalizations of rate-distortion theory are applicable to physical information channels that arise when studying interacting robots and
biomolecular docking and transcription problems.
Prof. Alfred Al Hero: Geometric embeddings for combinatorial optimization. One
of the major roadblocks to making scientific progress on grand challenge problems is the curse of
dimensionality, This problem is especially acute in combinatorial optimization where the behavior
of the objective function under permutations and combinations has no obvious geometric structure.
Remarkably, smooth geometric structure emerges as one allows the domain dimension to grow in
many Euclidean combinatorial optimization problems including shortest path through a similarity
graph and multiobjective pattern matching. This geometric embedding can lead to approximate
solution of the combinatorial problem via solution of a simpler variational continuous optimization
problem. Further progress in this field could lead to general combinatorial solvers that utilize the
considerable machinery available in scientific computing, e.g., general ordinary differential equation
(ode) and partial differential equation (pde) solvers. Grand challenge problems that could benefit
from this research include: monitoring pandemics (path analysis on epidemic proximity graphs); energy and transportation (optimal routing); and adaptive drug design (computing Pareto frontiers);
to name just a few.
Dr. Stephen Howard: Invariance of probability models and related statistics under
actions of groups. plays a central role in deducing optimal hypothesis tests and estimators in
statistical signal processing and in analyzing their performance. When the group involved possesses
topological or geometric structure (e.g., a Lie group), the statistical problem inherits structure
from its invariances. The essential characteristics of the data space, for example, are embodied
in its quotient by the action of the invariance group. Recent work in multi-channel detection
and estimation has demonstrated the value of this perspective in development and optimization of
generalized coherence tests. It offers potential for broad new geometric insight and methodology
in statistical signal processing and machine learning.
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Prof. Hamid Krim: Bi-Sparsity Pursuit: A Paradigm for Robust Principal Subspace Reconstruction. The success of sparse models in computer vision and machine learning
is due to the distribution of high dimensional data as a union of low dimensional subspaces in
many real-world applications. The underlying structure may, however, be adversely affected by
sparse errors. Our novel approach of a bi-sparse model as a framework to analyze this problem
yields a novel approach to recover the union of subspaces in the presence of sparse corruptions.
The established convergence of this methodology promises its increasing importance in a number
of applications using real-world vision data as has already been demonstrated.
Prof. Francois Meyer: Statistical graph analysis. Dynamic graphs provide abstract
models to describe interaction processes between agents. For instance, such graphs can be used
to analyze financial market networks, or quantify functional brain connectivity. The detection of
such networks depends on the estimation of the coupling between the time-series that quantify the
activity of the abstract agents (e.g., stocks, brain regions, etc.). The final stage of the analysis
involves the inference of the graph that underpin the interaction processes.
At this juncture, the practitioner (data analyst) is faced with the unpleasant surprise that existing tractable graph models (e.g., preferential attachment, exponential random graphs, stochastic
block models, graphons, etc) – which lead to statistical inference – cannot replicate features of reallife networks. There is a pressing need to develop novel realistic graph models and their associated
inferential methods.
Prof. Abbas Ourmazd: Geometric signal processing. The information content of nominally high-dimensional data often defines a curved, low-dimensional manifold. The geometry of
this manifold ? its intrinsic dimensionality and metric ? hold the key to extracting meaning from
the data (1), even in the presence of substantial noise (2) and, for dynamical systems, timing
uncertainty (3). Mathematically rigorous ?dimensionality-reduction? techniques now provide descriptions of data manifolds in terms of the eigenfunctions of well-known operators evaluated with
respect to unknown, so-called induced metrics (4,5). Subject to general assumptions about the nature of the operations giving rise to the intrinsic manifold, however, it is often possible to identify
the manifold metric (1). It is then possible to navigate purposefully on the intrinsic data manifold,
i.e., to produce any desired state of the system from any starting point. In this approach, the
intrinsic geometry of the data is used to extract information, even in the presence of overwhelming
noise and timing uncertainty (3).
Prof. Jose Perea: Sliding windows and persistence–some applications of topological
methods to signal analysis. The ability to characterize and quantify recurrent structure in complex multi-scale time varying systems is fundamental in prediction and control. This is specially so
when the collected data is multi-modal – e.g. numerical time series, video data, dynamic networks,
etc – and there are no rigorous mathematical models that faithfully describe the process at hand. A
promising avenue toward addressing this problem combines two approaches: (1) delay embeddings
to reconstruct attractors in the state space underlying the observed dynamics, and (2) leveraging
tools from computational topology – such as persistent homology – to quantify, determine and
describe their topological structure. The resulting topological summaries provide features which
can be used in machine learning frameworks for prediction, and the global description of attractors
can be used as input for the design of data-driven models.
Prof. Clayton Shonkwiler: Geometry and conditional probability measures; symplectic geometry. Probability distributions conditioned on probability-zero events – e.g., random
walks satisfying topological constraints like closure – are important in models throughout biology
and physics, but sampling and analyzing them is a substantial challenge. Such distributions are
implicitly geometric, since conditioning on a probability-zero event only makes sense in the context
of something like Hausdorff measure on a Riemannian submanifold, but Riemannian techniques
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often are not useful when the ambient state space is itself non-Euclidean. In this setting, symplectic and algebraic geometry can provide both a theoretical framework and explicit coordinates for
sampling and numerical integration when, for example, the conditional state space can be realized
as a symplectic reduction or GIT quotient.
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Appendix 2: Workshop Structure and Participants
Logistics
The Workshop was held in the Stanley Hotel, Estes Park, Colorado starting on October twelfth
and ending on October fifteenth, 2016. NSF sponsorship enabled the organizers to provide hotel
accommodation and meals to participants for the workshop period; individual participants traveled
to Colorado at their own expense.

Participants
The organizers undertook an extensive literature search to identify researchers whose recent
work falls within the scope of the Workshop. The organizers’ networks of professional contacts was
also instrumental in identifying prospective participants to invite.
The Workshop participants are listed in the following table. In this table, the participant
marked with (*) attended virtually and those marked with (†) were graduate students who assisted
with recording and note-taking functions.
Name
Richard Baraniuk
Gregory Chirikjian
Edwin Chong
Doug Cochran
Mary Cook†
John Cozzens∗
Lauren Crider†
Philip du Toit
Babak Hassibi
Alfred Hero
Stephen Howard
Michael Kirby
Brett Kotschwar
Gitta Kutyniok
Hamid Krim
Matilde Marcolli
Francois Meyer
Robert Nowak
Abbas Ourmazd
Randy Paffenroth
José Perea
Chris Peterson
Ali Pezeshki
Louis Scharf
Clayton Shonkwiler
Michael Wakin

Institution
Rice University
Johns Hopkins University
Colorado State University
Arizona State University
Arizona State University
National Science Foundation
Arizona State University
Numerica Corporation
California Institute of Technology
University of Michigan
DST Group
Colorado State University
Arizona State University
Technische Universität Berlin
North Carolina State University
California Institute of Technology
University of Colorado
University of Wisconsin
University of Wisconsin
Rensselaer Polytechnic Institute
Michigan State University
Colorado State University
Colorado State University
Colorado State University
Colorado State University
Colorado School of Mines
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Country
USA
USA
USA
USA
USA
USA
USA
USA
USA
USA
Australia
USA
USA
Germany
USA
USA
USA
USA
USA
USA
USA
USA
USA
USA
USA
USA

Format
The Workshop was organized into five half-day sessions comprised of presentations by selected
participants interspersed with liberal discussion periods. It concluded on the third day with a
comprehensive wrap-up session from which much of this report has been drawn. The presentations
were as follows.
• Richard Baraniuk, Image Articulation Manifolds
• Hamid Krim, Bi-Sparsity Pursuit: A Paradigm for Robust Subspace Recovery
• Abbas Ourmazd, Extracting and Understanding Signals by Geometry
• Chris Peterson, Grassmannians, Flags, and Data
• Babak Hassibi, Comparison Lemmas and Convex Optimization
• Gregory Chirikjian, Signal Detection and Sensor Calibration via Lie Groups
• Alfred Hero, Restoring Geometric Insights
• Clayton Shonkwiler, Applications of Geometry to Constrained Random Walks and Polymer
Models
• Matilde Marcolli, Geometric Models for Linguistics
• José Perea, Sliding Windows and Persistence: Applications of topological methods to signal
analysis
• Ali Pezeshki, Distribution of Fisher Information after Random Compression
• Rob Nowak, Theory and Applications of Ordinal Embedding
• Stephen Howard, The Geometry of Invariants for Generalized Coherence Tests
• Franois Meyer, A Graph Metric for the Structural Analysis of Dynamic Networks
Two additional talks were scheduled, but had to be canceled due to the presenters’ travel
complications:
• João Xavier, Some Applications of Riemannian Geometry in Signal Processing
• Gunnar Carlsson, The Shape of Complex Data
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